Sketch of
The Analytical Engine

Invented by Charles Babbage

By L. F. MENABREA
of Turin, Officer of the Military Engineers

from theBibliothéque Universelle de Geng¥actober, 1842, No. 82

With notes upon the Memoir by the Translator
ADA AUGUSTA, COUNTESS OF LOVELACE

Those labours which belong to the various branches of the mathematical sciences, althougt
first consideration they seem to be the exclusive province of intellect, may, nevertheless,
divided into two distinct sections; one of whienay be called the mechanical, because it is
subjected to precise and invariable laws, that are capable of being expressed by means of
operations of matter; while the other, demanding the intervention of reasoning, belongs mc
specially to the domaiof the understanding. This admitted, we may propose to execute, by mear
of machinery, the mechanical branch of these labours, reserving for pure intellect that whi
depends on the reasoning faculties. Thus the rigid exactness of those laws whiclke regul
numerical calculations must frequently have suggested the employment of material instrumer
either for executing the whole of such calculations or for abridging them; and thence have aris
several inventions having this object in view, but which havgeneral but partially attained it.
For instance, the muedldmiredmachine of Pasc#é now simply an object of curiosity, which,
whilst it displays the powerful intellect of its inventor, is yet of little utility in itself. Its powers
extended no furtlrehan the execution of tHest four operations of arithmetic, and indeed were
in reality confined to that of the first two, since multiplication and division were the result of €
series of additions and subtractions. The chief drawback hitherto orofr&xgth machines is,
that they require the continual intervention of a human agent to regulate their movements, &
thence arises a source of errors; so that, if their use has not become general for large nume
calculations, it is because they have indfact resolved the double problem which the question
presents, that aforrectnessn the results, united witbconomyof time.

Struck with similar reflections, Mr. Babbage has devoted some years to the realization of
gigantic idea. He proposed to tsgif nothing less than the construction of a machine capable of
executing not merely arithmetical calculations, but even all those of analysis, if their laws a
known. The imagination is at first astounded at the idea of such an undertaking; but tbelmore

reflection we bestow on it, the less impossible does success appear, and it is felt that it may def
on the discovery of some principle so general, that, if applied to machinery, the latter may |
capable of mechanically translating the operatiohglwmay be indicated to it by algebraical

notation. The illustrious inventor having been kind enough to communicate to me some of
views on this subject during a visit he made at Turin, | have, with his approbation, thrown togeth
the impressions thdyave left on my mind. But the reader must not expect to find a description o
Mr. Babbage's engine; the comprehension of this would entail studies of much length; and | sf



endeavour merely to give an insight into the end proposed, and to develapdiEgs on which
its attainment depends.

| must first premise that this engine is entirely different from that of which there is a notice in th
‘Treatise on the Economy of Machupaverisdothe b
idea of the enige in question, | consider it will be a useful preliminary briefly to recall what were
Mr. Babbage's first essays, and also the circumstances in which they originated.

It is well known that the French government, wishing to promote the extension ofciheade
system, had ordered the construction of logarithmical and trigonometrical tables of enormo
extent. M. de Prony, who had been entrusted with the direction of this undertaking, divided it in
three sections, to each of which was appointed a spdass of persons. In the first section the
formulae were so combined as to render them subservient to the purposes of numerical calculat
in the second, these same formulae were calculated for values of the variable, selected at ce
successive distams; and under the third section, comprising about eighty individuals, who were
most of them only acquainted with the first two rules of arithmetic, the values which wer:
intermediate to those calculated by the second section were interpolated by meamdeof s
additions and subtractions.

An undertaking similar to that just mentioned having been entered upon in England, Mr. Babba
conceived that the operations performed under the third section might be executed by a mach
and this idea he realized by ams of mechanism, which has been in part put together, and tc
which the name Difference Engine is applicable, on account of the principle upon which i
construction is founded. To give some notion of this, it will suffice to consider the series of whol
square numbers, 1, 4, 9, 16, 25, 36, 49, 64, &c. By subtracting each of these from the succeec
one, we obtain a new series, which we will name the Series of First Differences, consisting of
numbers 3,5, 7, 9, 11, 13, 15, &c. On subtracting from eftttese the preceding one, we obtain
the Second Differences, which are all constant and equal to 2. We may represent this succes
of operations, and their results, in the following table.

A B C
Column of
Square First Second
Numbers Differences Differences
1
.......... 3
4 ] o 2 b
.......... 5
it 1 2d
[ 4G | ..o 2
.......... 0
20 | ... 2
.......... 11
36

From the mode in which the last two columns B and C havefbemed, it is easy to see, that if,
for instance, we desire to pass from the number 5 to the succeeding one 7, we must add to
former the constant difference 2; similarly, if from the square number 9 we would pass to tt
following one 16, we must add the former the difference 7, which difference is in other words



the preceding difference 5, plus the constant difference 2; or again, which comes to the same th
to obtain 16 we have only to add together the three numbers 2, 5, 9, placed oblighely in
directionab. Similarly, we obtain the number 25 by summing up the three numbers placed in tf
oblique directiordc. commencing by the addition 2+7, we have the first difference 9
consecutively to 7; adding 16 to the 9 we have the square 25. We sdleahthe three numbers

2, 5, 9 being given, the whole series of successive square numbers, and that of their f
differences likewise may be obtained by means of simple additions.

Now, to conceive how these operations may be reproduced by a machpesesthe latter to
have three dials, designated as A, B, C, on each of which are traced, say a thousand divisions
way of example, over which a needle shall pass. The two dials, C, B, shall have in additior
registering hammer, which is to give a nwenbf strokes equal to that of the divisions indicated
by the needle. For each stroke of the registering hammer of the dial C, the needle B shall adva
one division; similarly, the needle A shall advance one division for every stroke of the registerir
hammer of the dial B. Such is the general disposition of the mechanism.

This being understood, let us, at the beginning of the series of operations we wish to exect
place the needle C on the division 2, the needle B on the division 5, and the needtbeA on
division 9. Let us allow the hammer of the dial C to strike; it will strike twice, and at the sam:
time the needle B will pass over two divisions. The latter will then indicate the number 7, whic
succeeds the number 5 in the column of first diffeesntf we now permit the hammer of the dial

B to strike in its turn, it will strike seven times, during which the needle A will advance sever
divisions; these added to the nine already marked by it will give the number 16, which is tt
square number consdove to 9. If we now recommence these operations, beginning with the
needle C, which is always to be left on the division 2, we shall perceive that by repeating the
indefinitely, we may successively reproduce the series of whole square numbers by naeans ¢
very simple mechanism.

The theorem on which is based the construction of the machine we have just been describing,
particular case of the following more general theorem: that if in any polynomial whatever, th
highest power of whose variablenis this same variable be increased by equal degrees; the
corresponding values of the polynomial then calculated, and the first, second, third, &
differences of these be taken (as for the preceding series of squaresi; diféerences will all

be equald each other. So that, in order to reproduce the series of values of the polynomial |
means of a machine analogous to the one above described, it is sufficient that tinedg deals,
having the mutual relations we have indicated. As the differencgsbmaeither positive or
negative, the machine will have a contrivance for either advancing or retrograding each neec
according as the number to be algebraically added may have thgusigmminus

If from a polynomial we pass to a series having dimite number of terms, arranged according
to the ascending powers of the variable, it would at first appear, that in order to apply the mach
to the calculation of the function represented by such a series, the mechanism must include
infinite numberof dials, which would in fact render the thing impossible. But in many cases the
difficulty will disappear, if we observe that for a great number of functions the series whicl
represent them may be rendered convergent; so that, according to the degmeomation
desired, we may limit ourselves to the calculation of a certain number of terms of the serie
neglecting the rest. By this method the question is reduced to the primitive case of a fini
polynomial. It is thus that we can calculate the sssiom of the logarithms of numbers. But since,
in this particular instance, the terms which had been originally neglected receive increments it



ratio so continually increasing for equal increments of the variable, that the degree
approximation requirk would ultimately be affected, it is necessary, at certain intervals, to
calculate the value of the function by different methods, and then respectively to use the rest
thus obtained, as data whence to deduce, by means of the machine, the othafiaieevalees.

We see that the machine here performs the office of the third section of calculators mentionec
describing the tables computed by order of the French government, and that the end origine
proposed is thus fulfilled by it.

Such is the nate of the first machine which Mr. Babbage conceived. We see that its use |
confined to cases where the numbers required are such as can be obtained by means of si
additions or subtractions; that the machine is, so to speak, merely the expressiepaiticular
theoremof analysis; and that, in short, its operations cannot be extended so as to embrace
solution of an infinity of other questions included within the domain of mathematical analysis. |
was while contemplating the vast field which yet remained to bersad, that Mr. Babbage,
renouncing his original essays, conceived the plan of another system of mechanism whe
operations should themselves possess all the generality of algebraical notation, and which, on
account, he denominates thealytical Engne.

Having now explained the state of the question, it is time for me to develop the principle on whi
Is based the construction of this latter machine. When analysis is employed for the solution of &
problem, there are usually two classes of operatmegecute: first, the numerical calculation of
the various coefficients; and secondly, their distribution in relation to the quantities affected &
them. If, for example, we have to obtain the product of two binomaals<( (m+nx), the result

will be represented bym+ (an+bm)x+bn¥, in which expression we must first
calculateam, an, bm bn; then take the sum ah+ bm and lastly, respectively distribute the
coefficients thus obtained amongst the powers of the variable. In order to reprodsee the
operations by means of a machine, the latter must therefore possess two distinct sets of pow
first, that of executing numerical calculations; secondly, that of rightly distributing the values s
obtained.

But if human intervention were necessary doecting each of these partial operations, nothing
would be gained under the heads of correctness and economy of time; the machine must there
have the additional requisite of executing by itself all the successive operations required for t
solutionof a problem proposed to it, when once (ihimitive numerical datdor this same problem
have been introduced. Therefore, since, from the moment that the nature of the calculation to
executed or of the problem to be resolved have been indicatedh® machine is, by its own
intrinsic power, of itself to go through all the intermediate operations which lead to the propose
result, it must exclude all methods of trial and gugesk, and can only admit thadirect processes

of calculation

It is necessarily thus; for the machine is not a thinking being, but simply an automaton which a
according to the laws imposed upon it. This being fundamental, one of the eadessthes its
author had to undertake, was that of finding means for effecting the division of one number |
another without using the method of guessing indicated by the usual rules of arithmetic. T
difficulties of effecting this combination were farofn being among the least; but upon it
depended the success of every other. Under the impossibility of my here explaining the proc
through which this end is attained, we must limit ourselves to admitting that the first fou
operations of arithmetic, thas addition, subtraction, multiplication and division, can be
performed in a direct manner through the intervention of the mackegrantedthe machine



is thence capable of performing every species of numerical calculation, for all such calsulatio
ultimately resolve themselves into the four operations we have just named. To conceive how
machine can now go through its functions according to the laws laid down, we will begin b
giving an idea of the manner in which it materially represents nianbe

Let us conceive a pile or vertical column consisting of an indefinite number of circular discs, 8
pierced through their centres by a common axis, around which each of them can take
independent rotatory movement. If round the edge of each ofdlsesaare written the ten figures
which constitute our numerical alphabet, we may then, by arranging a series of these figures
the same vertical line, express in this manner any number whatever. It is sufficient for this purpc
that the first disc regisent units, the second tens, the third hundreds, and so on. When tw
numbers have been thus written on two distinct columns, we may propose to combine the
arithmetically with each other, and to obtain the result on a third column. In general, if we hay
aseries of columnsonsisting of discs, which columns we will designate s\, Va2, V3, Va,

&c., we may require, for instance, to divide the number written on the colurbg ¥haton the
column V4, and to obtain the result on the column Vo effect this operation, we must impart to
the machine two distinct arrangements; through the first it is prepared for execditizgpn and
through the second the columns it is to opevatare indicated to it, and also the column on which
the result is to be represented. If this division is to be followed, for example, by the addition
two numbers taken on other columns, the two original arrangements of the machine must
simultaneousl altered. If, on the contrary, a series of operations of the same nature is to be go
through, then the first of the original arrangements will remain, and the second alone must
altered Therefore, the arrangements that may be communicated to theisvguaots of the
machine may be distinguished into two principal classes:

First, that relative to th@perations
Secondly, that relative to thariables

By this latter we mean that which indicates the columns to be operated on. As for the operatic
thenselves, they are executed by a special apparatus, which is designated by thenityae of
which itself contains a certain number of columns, similar to those of the Variables. When tw
numbers are to be combined together, the machine commencesingati@am from the columns
where they are written, that is, it placesoon every disc of the two vertical lines on which the
numbers were represented; and it transfers the exsib the mill. There, the apparatus having
been disposed suitably for the required operation, this latter is effected, and, when completed,
result itself is transferred to the column of Variables which shall have been indicated. Thus t
mill is that portion of the machine which works, and the columns of Variables constitute tha
where the results are represented and arranged. After the preceding explanations, we may perc
that all fractional and irrational results will be represented in decimaelidns. Supposing each
column to have forty discs, this extension will be sufficient for all degrees of approximatior
generally required.

It will now be inquiredhow the machine can of itself, and without having recourse to the hand o
man, assume the stassive dispositions suited to the operations. The solution of this problem ha
been taken fromdacquard's apparatussed for the manufacture of brocaded stuffs, in the
following manrer—

Two species of threads are usually distinguished in woven stuffs; onewarpha longitudinal
thread, the other theoofor transverse thread, which is conveyed by the instrument called the
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shuttle, and which crosses the longitudinal thread opwaihen a brocaded stuff is required, it

IS necessary in turn to prevent certain threads from crossing the woof, and this according t
succession which is determined by the nature of the design that is to be reproduced. Formerly
process was lengtland difficult, and it was requisite that the workman, by attending to the desigr
which he was to copy, should himself regulate the movements the threads were to take. The
arose the high price of this description of stuffs, especially if threads oltisat@ours entered
into the fabric. To simplify this manufacture, Jacquard devised the plan of connecting each gro
of threads that were to act together, with a distinct lever belonging exclusively to that group. A
these levers terminate in rods, whete united together in one bundle, having usually the form
of a parallelopiped with a rectangular base. The rods are cylindrical, and are separated from e
other by small intervals. The process of raising the threads is thus resolved into that of movi
these various levearms in the requisite order. To effect this, a rectangular sheet of pasteboard
taken, somewhat larger in size than a section of the bundle ofdawer If this sheet be applied

to the base of the bundle, and an advancing motidhdrecommunicated to the pasteboard, this
latter will move with it all the rods of the bundle, and consequently the threads that are connect
with each of them. But if the pasteboard, instead of being plain, were pierced with hole
corresponding to the &emities of the levers which meet it, then, since each of the levers woulc
pass through the pasteboard during the motion of the latter, they would all remain in their plac
We thus see that it is easy so to determine the position of the holes intdt®peas that, at any
given moment, there shall be a certain number of levers, and consequently of parcels of thres
raised, while the rest remain where they were. Supposing this process is successively repe.
according to a law indicated by the pattén be executed, we perceive that this pattern may be
reproduced on the stuff. For this purpose we need merely compose a series of cards accordir
the law required, and arrange them in suitable order one after the other; then, by causing ther
pass @er a polygonal beam which is so connected as to turn a new face for every stroke of t
shuttle, which face shall then be impelled parallelly to itself against the bundle catev&rthe
operation of raising the threads will be regularly performedsTe see that brocaded tissues
may be manufactured with a precision and rapidity formerly difficult to obtain.

Arrangement&nalogous to those just described have been introduced into the Analytical Engin
It contains two principal species of cards: fiGperation cards, by means of which the parts of
the machine are so disposed as to execute any determinate series of operations, such as addi
subtractions, multiplications, and divisions; secondly, cards of the Variables, which indicate
the machne the columns on which the results are to be represented. The cards, when put in moti
successively arrange the various portions of the machine according to the nature of the proce:
that are to be effected, and the machine at the same time exbestepriocesses by means of the
various pieces of mechanism of which it is constituted.

In order more perfectljo conceive the thing, let us select as an example the resolution of tw
equations of the first degree with two unknown quantities. Let theafimiipbe the two equations,
in whichx andy are the unknown quantities:

mx +ny =d
mzx+n'y=d.

dn’ — d'n
I = — . .
We deduce  n'm —nm’, and fory an analogous expression. Let us continue to represent by
Vo, V1, V2, &c. the different columns which contain the numbers, and let us suppose that the fir



eight columns have been chosen for expressing on them the numbers represen
by m, n, d, m, n', d, nandn’, which implies that ¥=m, Vi=n, V>=d, Vz=m', V4=n", Vs=d', Ve=n,

V7=n'.

The series of operations commanded by the cards, and the obsaited, may be represented in

the following table—

Operation-
cards Cards of the variables
Svmbols Columns Columns
indicating on which which
Number of | the nature operations receive Progress
the of the are to be results of of the
operations | operations performed operations operations
1 ¥ Vox Vy=| Vg....... = ¢dn’
2 x Vr, Y Vl = ‘\-‘rgg ,,,,,,, =d'n
3 ® Vax Vo= | Vig...... =n'm
4 * Vi x Vaz= Vi1 ovonn. = nm'
5] - Ve — Vg = Vie oo, =dn' —d'n
§ — "k"r:[ﬂ — 1"r"r]_]_ = "s-'r13 ...... = '.'r?-j T — nm’“
;
7 - Eli = | Vig...... —g=dn-dn

Since the cards do nothing but indicate in what manner and on what columns the machine s
act, it is clear that we must still, in every particular case, introduce the numerical data for tl
calculdion. Thus, in the example we have selected, we must previously inscribe the numeric
values ofm, n, d, m, n', d', in the order and on the columns indicated, after which the machine
when put in action will give the value of the unknown quantityr this particular case. To obtain
the value ofy, another series of operations analogous to the preceding must be performed. But
see that they will be only four in number, since the denominator of the expressipexioepting

the sign, is the same as thar x, and equal ta'm-nni. In the preceding table it will be remarked
that the column for operations indicates four successiMgplications two subtractions and
onedivision Therefore, if desired, we need only use three operaticis; to managehich, it is
sufficient to introduce into the machine an apparatus which shall, after the first multiplication, fc
instance, retain the card which relates to this operation, and not allow it to advance so as to
replaced by another one, until afteistsame operation shall have been four times repeated. In the
preceding example we have seen, that to find the valuevefmust begin by writing the
coefficientsm, n, d, m', n', d', upon eight columns, thus repeatmgndn’' twice. According to the
samemethod, if it were required to calculatékewise, these coefficients must be written on
twelve different columns. But it is possible to simplify this process, and thus to diminish th
chances of errors, which chances are greater, the larger the mfrttieiquantities that have to

be inscribed previous to setting the machine in action. To understand this simplification, we mt
remember that every number written on a column must, in order to be arithmetically combine
with another number, be effacedrin the column on which it is, and transferred tontlie Thus,

in the example we have discussed, we will take the two coefficreatsln', which are each of
them to enter intowo different products, that into mn andmd, n' intomn andn'd. These
coefficients will be inscribed on the columns ahd V4. If we commence the series of operations



by the product ofninto n', these numbers will be effaced from the columasi™ V4, that they

may be transferred to the mill, which will multiply thento each other, and will then command
the machine to represent the result, say on the coluunBWit as these numbers are each to be
used again in another operation, they must again be inscribed somewhere; therefore, while
mill is working out their poduct, the machine will inscribe them anew on any two columns that
may be indicated to it through the cards; and as, in the actual case, there is no reason why 1
should not resume their former places, we will suppose them again inscribeglaod Vi,
whence in short they would not finally disappear, to be reproduced no more, until they shou
have gone through all the combinations in which they might have to be used.

We see, therthat the whole assemblage of operations requisite for resolvingvéhabove
equationsf the first degree may be definitely represented in the following table:

Cards of
the oper-
ations Variable cards
. Statement of results
Columns on
which are | g
in=crihed =} M a
thea : - Columns ||u(-.:;];]:.::-l:-.l].,r-‘.
. gl & |% g| acted on by
primitive ':‘-_E 20,° o et :L(-]Il ¥ | the result of Indication of
data 8 fluED|8 = pe - each change of value on
o T a :i a5 o o aperation D ' ol
Lo = opreration any column
Ea|l.sgl¥du
2aloa~E &
z ?. G. Z Q
Lygr lwr
iy = 1 1 ® by s vy =1 g ... { .‘::._” - l"i'? } Ivig = mn'
4 ="V
1y, 1
11!.-1 = 1 2 ™ 11-"3 ®x "V = 11'.,7 ..... -_1*__'!' - 1\- } 1".-'; — m'n
Vi ="V
1y lyr
Ly, = o 3 \ by s Yy =1 Ve .l Vo= Vo Ly = dn'
"Wy ="V
) lys, — 1,
Wy =m' | 4 % by x vy = vy ...l { Iy, _ Oy, } vy = d'n
1 = ‘1
Tap o Uy
I‘N"I.J =n' B x |1‘|_.'|:I x 1~_¢ — |1~_ 0 { :1‘{,'_:' - IE..‘"” } |1|._r|.1I — d‘lﬂ?
B O
1 0
1 ] 1 1 'Vz = 1"3 Ll ¥
‘rrr,—d G X "»gx 1»;_— 1I.-|| 1 ) 1'.'|_|_—4'.I":l'|".'
Vay ="Vy
. lyr 0
T 2 vy e =|1Vya { '.::r&_l:': } V12 = mn' — m'n
i i i I"Irr = Ih‘utl i i I
B - Vg — "Vg =|"V1a i = o Vig =dn —dmn
Vg ="V
Lvr . Ii";"I
] m — [y =1y =t vyg ...l ,1",1” R 1y 4 = d'm — dm’
Vit ="Vi1
Lyr ] i .-
1 k - Igrin ol o — 1y, Via = Vg 1yr — dn —d'n _
1 : g Via = "Viz Vig oo { |-|~_.-12_ I\-"lg Vb mn' —m’n ®
1| - = | vy 21V = Vie Via ="V 1y, — Alm—dm’ _
: 14 = Vi2 16 1v1a = "V, 6= yni—min ¥
1 2 a 4 5 G T &

In order to diminish to the utmost the chances of error in inscribing the numerical data of tt
problem,they are successively placed on one of the columns of the mill; then, by means of car
arranged for this purpose, these same numbers are caused to arrange themselves on the rec
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columns, without the operator having to give his attention to it; aohils undivided mind may
be applied to the simple inscription of these same numbers.

According to what has now been explained, we see that the collection of columns of Variabl
may be regarded ass@mreof numbers, accumulated there by the mill, andctvhobeying the
orders transmitted to the machine by means of the cards, pass alternately from the mill to the s
and from the store to the mill, that they may undergo the transformations demanded by the nat
of the calculation to be performed.

Hitherto no mentiorhas been made of tkignsin the results, and the machine would be far from
perfect were it incapable of expressing and combining amongst each other positive and nega
guantities. To accomplish this end, there is, above every colummfabin mill and of the store,

a disc, similar to the discs of which the columns themselves consist. According as the digit on t
disc is even or uneven, the number inscribed on the corresponding column below it will &
considered as positive or negatiféis granted, we may, in the following manner, conceive how
the signs can be algebraically combined in the machine. When a number is to be transferred ft
the store to the mill, andce versait will always be transferred with its sign, which will etted

by means of the cards, as has been explained in what precedes. Let any two numbers ther
which we are to operate arithmetically, be placed in the mill with their respective signs. Suppo
that we are first to add them together; the operatandswill command the addition: if the two
numbers be of the same sign, one of the two will be entirely effaced from where it was inscribe
and will go to add itself on the column which contains the other number; the machine will, durin
this operation, be #b, by means of a certain apparatus, to prevent any movement in the disc «
signs which belongs to the column on which the addition is made, and thus the result will reme
with the sign which the two given numbers originally had. When two numbers had#fevent
signs, the addition commanded by the card will be changed into a subtraction through t
intervention of mechanisms which are brought into play by this very difference of sign. Since tt
subtraction can only be effected on the larger of thentwobers, it must be arranged that the disc
of signs of the larger number shall not move while the smaller of the two numbers is being effac
from its column and subtracted from the other, whence the result will have the sign of this latte
just as in fatit ought to be. The combinations to which algebraical subtraction give rise, ar
analogous to the preceding. Let us pass on to multiplication. When two numbers to be multipli
are of the same sign, the result is positive; if the signs are differeptgaithéct must be negative.

In order that the machine may act conformably to this law, we have but to conceive that on t
column containing the product of the two given numbers, the digit which indicates the sign of th
product has been formed by the naltaddition of the two digits that respectively indicated the
signs of the two given numbers; it is then obvious that if the digits of the signs are both even,
both odd, their sum will be an even number, and consequently will express a positive toumnber;
that if, on the contrary, the two digits of the signs are one even and the other odd, their sum v
be an odd number, and will consequently express a negative number. In the case of divisi
instead of adding the digits of the discs, they must b&atibd one from the other, which will
produce results analogous to the preceding; that is to say, that if these figures are both eve
both uneven, the remainder of this subtraction will be even; and it will be uneven in the contra
case. When | speak mutually adding or subtracting the numbers expressed by the digits of th
signs, | merely mean that one of the saiscs is made to advance or retrograde a number of
divisions equal to that which is expressed by the digit on the othedsignWe segthen, from

the preceding explanation, that it is possible mechanically to combine the signs of quantities sc
to obtain results conformable to thasdicated by algebra



The machine is not only capable of executing those numerical calculations which depend or
given algebraical formula, but it is also fitted for analytical calculations in which there are one ¢
several variables to be considered. It must be assumebdlaatdlytical expression to be operated
on can be developed according to powers of the variable, or according to determinate functic
of this same variable, such as circular functions, for instance; and similarly for the result that is
be attained. lve then suppose that above the columns of the store, we have inscribed the pow
or the functions of the variable, arranged according to whatever is the prescribed law
development, the coefficients of these several terms may be respectively placed on 1
corresponding column below each. In this manner we shall have a representation of an analyt
development; and, supposing the position of the several terms composing it to be invariable,
problem will be reduced to that of calculating their coeffits according to the laws demanded
by the nature of the question. In order to make this more clear, we shall take the follerying
simple examplgin which we are to multiplya(+ bx}) by (A + B co3 x). We shall begin by
writing 0, x%, co$ x, cos x, above the columnsgyV1, V2, Vs; then since, from the form of the
two functions to be combined, the terms which are to compose the products will be of ti
following nature x°-cog x,x%-cos x, x}-cog x, x*-cos x, these will be inscribed above the columns
Vs, Vs, Vs, V7. The coefficients of°, x}, co$ x, cos x being given, they will, by means of the
mill, be passed to the columnsg, W1, V2 and \4. Such are the primitive datédthe problem. It is
now the business of the machine to work out its solution, that is, to find the coefficients which a
to be inscribed on ¥ Vs, Ve, V7. To attain this object, the law of formation of these same
coefficients being known, the machwél act through the intervention of the cards, in the manner
indicated by thdollowing table:—
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It will now be perceivedhat a general application may be made of the principle developed in the
preceding example, to every species of process which it may be proposed to effect on se
submitted to calculation. It is sufficient that the law of formation of the coefficiantasnbwn,

and that this law be inscribed on the cards of the machine, which will then of itself execute all t
calculations requisite for arriving at the proposed result. If, for instance, a recurring series we
proposed, the law of formation of the coafints being here uniform, the same operations which
must be performed for one of them will be repeated for all the others; there will merely be a chan
in the locality of the operation, that is, it will be performed with different columns. Generally,
since every analytical expression is susceptible of being expressed in a series ordered accor
to certain functions of the variable, we perceive that the machine will include all analytice
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calculations which can be definitively reduced to the formati@moefficients according to certain
laws, and to the distribution of these with respect to the variables.

We may deducthe following important consequence from these explanations, viz. that since th
cards only indicate the nature of the operations tpdséormed, and the columns of Variables
with which they are to be executed, these cards will themselves possess all the generality
analysis, of which they are in fact merely a translation. We shall now further examine some of t
difficulties which themachine must surmount, if its assimilation to analysis is to be complete
There are certain functions which necessarily change in nature when they pass through zer
infinity, or whose values cannot be admitted when they pass these limits. When ss@reseset
themselves, the machine is able, by means of a bell, to give notice that the passage through
or infinity is taking place, and it then stops until the attendant has again set it in action for whate\
process it may next be desired that @lsperform. If this process has been foreseen, then the
machine, instead of ringing, will so dispose itself as to present the new cards which have relat
to the operation that is to succeed the passage through zero and infinity. These new cards |
follow the first, but may only come into play contingently upon one or other of the two
circumstances just mentioned taking place.

Let us consider a term of the fou; since the cards are but a translation of the analytical
formula, their number in this pigular case must be the same, whatever be the valyehait is

to say, whatever be the number of multiplications required for elevatmghenth power (we

are supposing for the moment thas a whole number). Now, since the exponemidicates
thatb is to be multipliech times by itself, and all these operations are of the same nature, it will
be sufficient to employ one single operatcard, viz. that which orders the multiplication.

But whennis given for the particular case to be calculateavill be further requisite that the
machine limit the number of its multiplications according to the given values. The process m:
be thus arranged. The three numkzetsandn will be written on as many distinct columns of the
store; we shall desigtethem \4, V1, V2; the resulab’ will place itself on the column ¥/ When

the numben has been introduced into the machine, a card will order a certain registering
apparatus to mark<{1), and will at the same time execute the multiplication lf b. When this

is completed, it will be found that the registeragparatus has effaced a unit, and that it only
marks—2) ; whil e the machi ne twriteh onnthe eoluamrgyVéoi n
multiply itself with the product? written on thecolumn \&, which will giveb®. Another unit is
then effaced from the registerkagparatus, and the same processes are continually repeated un
it only marks zero. Thus the numb#mwill be found inscribed on ¥ when the machine, pursuing

its course obperations, will order the product i8fby a; and the required calculation will have
been completed without there being any necessity that the number of opesatisused should
vary with the value ofi. If nwere negative, the cards, instead of draethe multiplication

of aby b", would order its division; this we can easily conceive, since every number, bein
inscribed with its respective sign, is consequently capable of reacting on the nature of t
operations to be executed. Finallynivere factional, of the fornp/q, an additional column
would be used for the inscription @f and the machine would bring into action two sets of
processes, one for raisibdo the powep, the other for extracting thgth root of the number so
obtained.

Again, it may be required, for example, to multiply an expression of the dgt#abx" by another
AxP+Bx9, and then to reduce the product to the least number of terms, if any of the indices &
equal. The two factors being ordered with respegt the generatesult of the multiplication



would be AaxX™P+Abx™P+Bax™9+Bbx™d. Up to this point the process presents no difficulties; but
suppose that we hawe=p andn=qg, and that we wish to reduce the two middle terms to a single
one (Ab+Ba)x™d. For this purposethe cards may ordem+q andn+p to be transferred into the
mill, and there subtracted one from the other; if the remainder is nothing, as would be the case
the present hypothesis, the mill will order other cards to bring to it the coefficierasdAB,

that it may add them together and give them in this state as a coefficient for the sing
termxP=xmaq,

This example illustrates how the cards are able to reproduce all the operations which intelle
performs in order to attain a determinate resulhgke operations are themselves capable of being
precisely defined.

Let us now examine the following expressien:

22 .42 .6%-8%.10% ... (2n)?
12.32.52.72.92,  (2n—1)2.(2n+1)2°

which we know becomes equal to the ratio of the circumference to the diameten iwhdmite.

We may require the machine not onlyprform the calculation of this fractional expression, but
further to give indication as soon as the value becomes identical with that of the ratio of tl
circumference to the diameter whers infinite, a case in which the computation would be
impossible Observe that we should thus require of the machine to interpret a result not of itse
evident, and that this is not amongst its attributes, since it is no thinking being. Nevertheless, wt
the cos oh=1/0 has been foreseen, a card may immediately dinéesubstitution of the value

of m (7 being the ratio of the circumference to the diameter), without going through the series
calculations indicated. This would merely require that the machine contain a special card, whc
office it should be to placthe numbes in a direct and independent manner on the column
indicated to itAnd herewe should introduce the mention of a third species of cards, which may
be callectards of numbetsThere are certain numbers, such as those expressing the ratio of tt
circumference to the diameter, the Numbers of Bernoulli, &c., which frequently presen
themselves in calculations. To avoid the necessity for computing them every time they have to
used, certain cards may be combined specially in order to give thebersuready made into the
mill, whence they afterwards go and place themselves on those columns of the store that
destined for them. Through this means the machine will be susceptible of those simplificatio
afforded by the use of numerical tableswtiuld be equally possible to introduce, by means of
these cards, the logarithms of numbers; but perhaps it might not be in this case either the shol
or the most appropriate method; for the machine might be able to perform the same calculatic
by othe more expeditious combinations, founded on the rapidity with which it executes the firs
four operations of arithmetic. To give an idea of this rapidity, we need only mention that Mt
Babbage believes he can, by his engine, form the product of two numdenrscontaining twenty
figures, inthree minutes

Perhaps the immense number of cards required for the solution of any rather complicated probl
may appear to be an obstacle; but this does not seem to be the case. There is no limit to the nul
of careds that can be used. Certain stuffs require for their fabrication not lesswéman
thousandcards, and we may unquestionably far exaaezh this quantity

Resuming what we have damed concerning the Analytical Engine, we may conclude that it is
based on two principles: the first consisting in the fact that every arithmetical calculatio



ultimately depends on four principal operatieraddition, subtraction, multiplication, and
division; the second, in the possibility of reducing every analytical calculation to that of th
coefficients for the several terms of a series. If this last principle be true, all the operations
analysis come within the domain of the engine. To take anpthint of view: the use of the cards
offers a generality equal to that of algebraical formulae, since such a formula simply indicates t
nature and order of the operations requisite for arriving at a certain definite result, and similar
the cards merglcommand the engine to perform these same operations; but in order that tt
mechanisms may be able to act to any purpose, the numerical data of the problem must in e\
particular case be introduced. Thus the same series of cards will serve for alinguebibse
sameness of nature is such as to require nothing altered excepting the numerical data. In this |
the cards are merely a translation of algebraical formulee, or, to express it better, another forn
analytical notation.

Since the engine hasrade of acting peculiar to itself, it will in every particular case be necessary
to arrange the series of calculations conformably to the means which the machine possesses
such or such a process which might be very easy for a calculator may badaranplicated for

the engine, andice versa

Considered under the most general point of view, the essential object of the machine being
calculate, according to the laws dictated to it, the values of numerical coefficients which it is the
to distribue appropriately on the columns which represent the variables, it follows that th
interpretation of formulee and of results is beyond its province, unless indeed this vel
interpretation be itself susceptible of expression by means of the symbols whittadhe
employs. Thus, although it is not itself the being that reflects, it may yet be considered as the be
which executes theonceptions of intelligenceThe cards receive the press of these
conceptions, and transmit to the various trains of mechanism composing the engine the orc
necessary for their action. When once the engine shall have been constructed, the difficulty v
be reduced to the making out of the cards; buhese are merely the translation of algebraical
formulae, it will, by means of some simple notations, be easy to consign the execution of them
a workman. Thus the whole intellectual labour will be limited to the preparation of the formulee
which must beadapted for calculation by the engine.

Now, admitting that such an engine can be constructed, it may be inquired: what will be its utility
To recapitulate; it will afford the following advantaged=irst, rigid accuracy. We know that
numerical calculationare generally the stumblifAglock to the solution of problems, since errors
easily creep into them, and it is by no means always easy to detect these errors. Now the enc
by the very nature of its mode of acting, which requires no human interventiag the course

of its operations, presents every species of security under the head of correctness: beside
carries with it its own check; for at the end of every operation it prints off, not only the results
but likewise the numerical data of theegtion; so that it is easy to verify whether the question
has been correctly proposed. Secondly, economy of time: to convince ourselves of this, we n
only recollect that the multiplication of two numbers, consisting each of twenty figures, require
at the very utmost three minutes. Likewise, when a long series of identical computations is to
performed, such as those required for the formation of numerical tables, the machine can
brought into play so as to give several results at the same timd) whiigreatly abridge the
whole amount of the processes. Thirdly, economy of intelligence: a simple arithmetice
computation requires to be performed by a person possessing some capacity; and when we
to more complicated calculations, and wish to afgebraical formulae in particular cases,
knowledge must be possessed which presupposes preliminary mathematical studies of st



extent. Now the engine, from its capability of performing by itself all these purely materia
operations, spares intellectuabtaur, which may be more profitably employed. Thus the engine
may be considered as a real manufactory of figures, which will lend its aid to those many use
sciences and arts that depend on numbers. Again, who can foresee the consequences of su
invertion? In truth, how many precious observations remain practically barren for the progress
the sciences, because there are not powers sufficient for computing the results! And wl
discouragement does the perspective of a long and arid computatioma@alseimind of a man

of genius, who demands time exclusively for meditation, and who beholds it snatched from hi
by the material routine of operations! Yet it is by the laborious route of analysis that he must rea
truth; but he cannot pursue this uslggiided by numbers; for without numbers it is not given us
to raise the veil which envelopes the mysteries of nature. Thus the idea of constructing
apparatus capable of aiding human weakness in such researches, is a conception which, b
realized, waolld mark a glorious epoch in the history of the sciences. The plans have been arranc
for all the various parts, and for all the wheark, which compose this immense apparatus, and
their action studied; but these have not yet been fully combined togetithe
drawingsandmechanical notatiaThe confidence which the genius of Mr. Babbage must inspire
affords legitimate ground for hope that this enterprise will be crowned with success; and while v
render homage to the intelligence which directs it, let us breathe aspirations for tr
accomplishment of such an undertaking.

NOTES BY THE TRANSLATOR
Note A
The particular function whose integral the Difference Engine was constructed to tabulate, is
AT, = 0.

The purpose which that engine has been specially intended and adapted to fulfil, is t
computation of nautical and astronomical tables. The integral of

ATy, =0
being Uz = at+bx+o+dxC+ext+H+ge,

the constants, b, c, &c. are represented on the seven columns of discs, of which the engin
consists. It can therefore tabulateuratelyand to arunlimited extentall series whose general term

is comprised in th@bove formula; and it can also tabulaperoximativeljbetweerintervals of
greater or less extepall other series which are capable of tabulation by the Method of Differences.

The Analytical Engine, on the contrary, is not merely adaptedifalating the results of one
particular function and of no other, but tigveloping and tabulati@ny function whatever. In fact
the engine may be described as being the material expression of any indefinite function of &
degree of generality and complexitych as for instance,

F(x v, z, logx, siny, xP, &c.),

which is, it will be observed, a function of all other possible functions of any number of quantities



In this, which we may call theeutralor zerostate of the engine, it is ready to receiveamy
moment, by means of cards constituting a portion of its mechanism (and applied on the princi|
of those used in the Jacqudodm), the impress of whatevsggecialfunction we may desire to
develope or to tabulate. These cards contain within thenss@ivea manneexplained in the
Memoir itself) the law of development of the particular function that may be under consideratior
and they compel the mechanism to act accordingly éertain corresponding order. One of the
simplest cases would be for example, to suppose that

F(x, vy, z, &C. &C.)
Is the particular function
Au, =0

which the Difference Engine tabulates for values ofly up to 7. In this case the cards would
order the medmism to go through that succession of operations which would tabulate

u=a+bx+ol+ - +mx 71
wheren might be any number whatever.

These cards, however, have nothing to do with the regulation of the pamioukaicaldata. They
merelydetermine theperationsto be effected, which operations may of course be performed on
an infinite variety of particular numerical values, and do not bring out any definitericaine
results unless the numerical data of the problem have been impressed on the requisite portior
the train of mechanism. In the above example, the first essential step towards an arithmetical re
would be the substitution of specific numbersrfpand for the other primitive quantities which
enter into the function.

Again, let us suppose that for F we put two complete equations of the fourth degre
betweernx andy. We must then express on the cards the law of elimination for such equations. Tt
engine would follow out those laws, and would ultimately give the equation of one variable whic
results from such elimination. Variousdesf elimination might be selected; and of course the
cards must be made out accordingly. The following is one matlenight be adopted. The engine

is able to multiply together any two functions of the form

a+bx+cod+ - +px.

This granted, the two equations may be arranged according to the powemsathe coefficients

of the powers of may be arranged acabng to powers o%. The elimination of will result from

the successive multiplications and subtractions of several such functions. In this, and in all ott
instances, as was explained above, the partiautagricaldata and thaumericalresults are
determined by means and by portions of the mechanism which act quite independently of thc
that regulate theperations

In studying the action of the Analytical Engine, we find that the peculiar and independent natu
of the considerations which in all thematical analysis belong éperations as distinguished
from the objects operated up@nd from theesultsof the operations performed upon those objects,
is very strikingly defined and separated.
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It is well to draw attention to this point, not onlydagise its full appreciation is essential to the
attainment of any very just and adequate general comprehension of the powers and mode of ac
of the Analytical Engine, but also because it is one which is perhaps too little kept in view in tt
study of méhematical science in general. It is, however, impossible to confound it with othe
considerations, either when we trace the manner in which that engine attains its results, or wi
we prepare the data for its attainment of those results. It were muehdesired, that when
mathematical processes pass through the human brain instead of through the medium of inanir
mechanism, it were equally a necessity of things that the reasonings connect
with operationsshould hold the same just place as a clear anddeéhed branch of the subject

of analysis, a fundamental but yet independent ingredient in the science, which they must dc
studying the engine. The confusion, the difficulties, the contradictiondwwhiconsequence of

a want of accurate distinctions in this particular, have up to even a recent period encumbe
mathematics in all those branches involving the consideration of negative and impossit
guantities, will at once occur to the reader whatisll versed in this science, and would alone
suffice to justify dwelling somewhat on the point, in connexion with any subject so peculiarly
fitted to give forcible illustration of it as the Analytical Engine. It may be desirable to explain, tha
by theword operation we mearany process which alters the mutual relation of two or more thibgs

this relation of what kind it may. This is the most general definition, and would include all subjec
In the universe. In abstract mathematics, of course opesatlter those particular relations which
are involved in the considerations of number and space, amestiteof operations are those
peculiar results which correspond to the nature of the subjects of operation. But the science
operations, as dertd from mathematics more especially, is a science of itself, and has its ow
abstract truth and value; just as logic has its own peculiar truth and value, independently of 1
subjects to which we may apply its reasonings and processes. Those who stmraxtio some

of the more modern views of the above subject, will know that a few fundamental relations bei
true, certain other combinations of relations must of necessity follow; combinations unlimited i
variety and extent if the deductions from tmeary relations be carried on far enough. They will
also be aware that one main reason why the separate nature of the science of operations has
little felt, and in general little dwelt on, is tlkiftingmeaning of many of the symbols used in
mathenatical notation. First, the symbols aferationare frequenthalsothe symbols of
theresultsof operations. We may say that these symbols are apt to have reotis@ctiveand
aprospectivesignification. They may signify either relations that ame ¢bnsequences of a series
of processes already performed, or relations that are yet to be effected through certain proces
Secondly, figures, the symbols mfmerical magnitude are frequenthalsothe symbols

of operations as when they are the indg&cef powers. Wherever terms have a shifting meaning,
independent sets of considerations are liable to become complicated together, and reasonings
results are frequently falsified. Now in the Analytical Engine, the operations which come unde
the firstof the above heads are ordered and combined by means of a notation and of a trair
mechanism which belong exclusively to themselves; and with respect to the second he
whenever numbers meaningerationsand noftguantities(such as the indices of powegrare
inscribed on any column or set of columns, those columns immediately act in a wholly separ:
and independent manner, becoming connected withpérating mechanisrexclusively, and re
acting upon this. They never come into combination with numbpos any other columns
meaningquantities though, of course, if there are numbers meaopegationsuponn columns,
these mayombine amongst each otheand will often be required to do so, just as numbers
meaningguantitiescombine with each other iany variety. It might have been arranged that all
numbers meaningperationsshould have appeared on some separate portion of the engine fror
that which presents numeriaalantities but the present mode is in some cases more simple, anc
offers in realityquite as much distinctness when understood.



The operating mechanism can even be thrown into action independently of any object to oper
upon (although of course mesultcould then be developed). Again, it might act upon other things
besidesrumbey were objects found whose mutual fundamental relations could be expressed &
those of the abstract science of operations, and which should be also susceptible of adaptatiol
the action of the operating notation and mechanism of the engine. Supposingtdoce, that

the fundamental relations of pitched sounds in the science of harmony and of musical composit
were susceptible of such expression and adaptations, the engine might compose elaborate
scientific pieces of music of any degree of compleaitextent.

The Analytical Engine is aembodying of the science of operatioonstructed with peculiar
reference to abstract number as the subject of those operations. The Difference Engine is
embodying obne particular and very limited set of aptions, which (see the notation usedNiote

B) may be expressed thus (+, +, +, +, +, +), or thus, 6(+). Six repetitions of the one operation,
is, in fact, the whole sum and objextthat engine. It has seven columns, and a number on any
column can add itself to a number on the next column t@itshand So that, beginning with the
column furthest to the left, six additions can be effected, and the result appears on the seve
column, which is the last on the righand. Theoperatingmechanism of this engine acts in as
separate and independent a manner as that of the Analytical Engine; but being susceptible of «
one unvarying and restricted combination, it has little foraaterest in illustration of the distinct
nature of thescience of operationsThe importance of regarding the Analytical Engine under this
point of view will, we think, become more and more obvious as the reader proceeds with N
Menabrea's clear and nmi@dy article. The calculus of operations is likewise in itself a topic of so
much interest, and has of late years been so much more written on and thought on than forme
that any bearing which that engine, from its mode of constitution, may posseassthgo
illustration of this branch of mathematical science should not be overlooked. Whether the invent
of this engine had any such views in his mind while working out the invention, or whether he me
subsequently ever have regarded it under this phasdpwot know; but it is one that forcibly
occurred to ourselves on becoming acquainted with the means through which analytic
combinations are actually attained by the mechanism. We cannot forbear suggesting one prac
result which it appears to us silbe greatly facilitated by the independent manner in which the
engine orders and combinesatserations we allude to the attainment of those combinations into
whichimaginary quantitieenter. This is a branch of its processes into which we have ddhba
opportunity of inquiring, and our conjecture therefore as to the principle on which we conceiv
the accomplishment of such results may have been made to depend, is very probably no
accordance with the fact, and less subservient for the purpmsesdime other principles, or at
least requiring the cooperation of others. It seems to us obvious, however, that where operati
are so independent in their mode of acting, it must be easy, by means of a few simple provisic
and additions in arranginghé mechanism, to bring outdaubleset ofresults viz—1st,
thenumerical magnitudesrhich are the results of operations performedonerical data (These
results are therimary object of the engine.) 2ndly, tegmbolical result$o be attached tthose
numerical results, which symbolical results are not less the necessary and logical consequer
of operations performed upagmbolical data than are numerical results when the data
arenumerical

If we compare together the powers and the principles of construction of the Difference and of t
Analytical Engines, we shall perceive that the capabilities of the latter are immeasurably mo
extensive than those of the formand that they in fact hold to each other the same relationship
as that of analysis to arithmetic. The Difference Engine can effect but one particular series
operations, viz. that required for tabulating the integral of the special function



Au, = 0;

and as it an only do this for values ofup to 7 it cannot be considered as being the
mostgeneralexpression even a@he particularfunction, much less as being the expression of any
and all possible functions of all degrees of generality. The Difference Engine can in reality (as h
been already partly explained) do nothing dmt and any other processes, not excepting those
of simple subtraction, multiplication and division, can leefgrmed by it only just to that extent

in which it is possible, by judicious mathematical arrangement and artifices, to reduce them
aseries of additionsThe method of differences is, in fact, a method of additions; and as it include
within its meansa larger number of results attainable dogitionsimply, than any other
mathematical principle, it was very appropriately selected as the basis on which to canstruct
Adding Machine so as to give to the powers of such a machine the widest possiide Tdre
Analytical Engine, on the contrary, can either add, subtract, multiply or divide with equal facility
and performs each of these four operations in a direct manner, without the aid of any of the ot
three. This one fact implies everything; anis scarcely necessary to point out, for instance, that
while the Difference Engine can meredpulate and is incapable afeveloping the Analytical
Engine can eithaabulate or develope

The former engine is in its nature stricéijthmetical and tle results it can arrive at lie within a
very clearly defined and restricted range, while there is no finite line of demarcation which limit
the powers of the Analytical Engine. These powers arextensive with our knowledge of the
laws of analysis itséland need be bounded only by our acquaintance with the latter. Indeed w
may consider the engine as theaterial and mechanical representatiobanalysis, and that our actual
working powers in this department of human study will be enabled more effgdiu@n
heretofore to keep pace with our theoretical knowledge of its principles and laws, through tl
complete control which the engine gives us overeleeutive manipulatioof algebraical and
numerical symbols.

Those who view mathematical science, merely as a vast body of abstract and immutable truths,
whose intrinsic beauty, symmetry and logical completeness, when regarded in their connexi
together as a whole, entitle them to a prominent place in the interest of all profound and logic
minds,but as possessing a yet deeper interest for the human race, when it is remembered that
science constitutes the language through which alone we can adequately express the great fac
the natural world, and those unceasing changes of mutual reltapiovisich, visibly or invisibly,
consciously or unconsciously to our immediate physical perceptions, are interminably going «
in the agencies of the creation we live amidst: those who thus think on mathematical truth as
instrument through which the wk mind of man can most effectually read his Creator's works,
will regard with especial interest all that can tend to facilitate the translation of its principles int
explicit practical forms.

The distinctive characteristic of the Analytical Engine, drad which has rendered it possible to
endow mechanism with such extensive faculties as bid fair to make this engine the executive rig
hand of abstract algebra, is the introduction into it of the principle which Jacquard devised f
regulating, by meansf@unched cards, the most complicated patterns in the fabrication of
brocaded stuffs. It is in this that the distinction between the two engines lies. Nothing of the sc
exists in the Difference Engine. We may say most aptly, that the Analytical Bmgines
algebraical patterngust as the Jacquatdom weaves flowers and leaves. Here, it seems to us,
resides much more of originality than the Difference Engine can be fairly entitled to claim. W
do not wish to deny to this latter all such claims. Webe that it is the only proposal or attempt



ever made to construct a calculating macldoeded on the principle of successive orders of
differencesand capable qgfrinting off its own resultsand that this engine surpasses its predecessors
both in he extent of the calculations which it can perform, in the facility, certainty and accurac
with which it can effect them, and in the absence of all necessity for the intervention of hume
intelligenceduring the performance of its calculationds natures, however, limited to the strictly
arithmetical, and it is far from being the first or only scheme for
constructingarithmeticalcalculating machines with more or less of success.

The bounds ofirithmeticwere however outstepped the moment the ideamliang the cards had
occurred; and the Analytical Engine does
machines.” |t holds a position wholly it
interesting in their nature. In enabling mechanismctonbine togethegeneralsymbols in
successions of unlimited variety and extent, a uniting link is established between the operatic
of matter and the abstract mental processes oitheabstracbranch of mathematical science. A
new, a vast, and a poviel language is developed for the future use of analysis, in which to wield
its truths so that these may become of more speedy and accurate practical application for
purposes of mankind than the means hitherto in our possession have rendered pbssilblet

only the mental and the material, but the theoretical and the practical in the mathematical wor
are brought into more intimate and effective connexion with each other. We are not aware of
being on record that anything partaking in the retwf what is so well designated
the Analytical Engine has been hitherto proposed, or even thought of, as a practical possibility, a
more than the idea of a thinking or of a reasoning machine.

We will touch on another point which constitutes an importstinction in the modes of
operating of the Difference and Analytical Engines. In order to enable the former to do i
business, it is necessary to put into its columns the series of numbers constituting the first ter
of the several orders of differezs for whatever is the particular table under consideration. The
machine then worksponthese as its data. But these data must themselves have been alrea
computed through a series of calculations by a human head. Therefore that engine can c
produce esults depending on data which have been arrived at by the explicit and actual workit
out of processes that are in their nature different from any that come within the sphere of its o
powers. In other words, amalysingprocess must have been gone tigto by a human mind in
order to obtain the data upon which the engine tigetheticallybuilds its results. The Difference
Engine is in its character exclusivelynthetical while the Analytical Engine is equally capable of
analysis or of synthesis.

It is true that the Difference Engine can calculate to a much greater extent with these fi
preliminary data, than the data themselves required for their own determination. The table
squares, for instance, can be calculated to any extent whatever, whamtheroneandtwo are
furnished; and a very few differences computed at any part of a table of logarithms would enal
the engine to calculate many hundreds or even thousands of logarithms. Still the circumstance
its requiring, as a previous conditjoiimat any function whatever shall have been numerically
worked out, makes it very inferior in its nature and advantages to an engine which, like tl
Analytical Engine, requires merely that we should knowstleeession and distributicaf the
operationsd be performed; without thet®ing any occasignn order to obtain data on which it
can work, for our ever having gone through either the same particular operations which it is its
to effect, or any others. Numerical data must of course be given it, but they are mere arbitr
ones; not data that could only be arrived at through a systematic and necessary series of prev
numerical calculations, which is quite a different thing.



To this it may be replied, that an analysing process must equally have been performed in orde
furnish the Analytical Engine with the necessapgrativedata; and that herein may also lie a
possible source of error. Granted that the actual mechaniammeiging in its processes,
thecardsmay give it wrong orders. This is unquestionably the case; but there is much less char
of error, and likewise far less expenditure of time and labour, where operations only, and t
distribution of these operationsave to be made out, than where explicit numerical results are to
be attained. In the case of the Analytical Engine we have undoubtedly to lay out a certain cap
of analytical labour in one particular line; but this is in order that the engine mayusringa
much larger return in another line. It should be remembered also that the cards, when once m
out for any formula, have all the generality of algebra, and include an infinite number of particul:
cases.

We have dwelt considerably on the distigetpeculiarities of each of these engines, because we
think it essential to place their respective attributes in strong relief before the apprehension of
public; and to define with clearness and accuracy the wholly different nature of the principles
which each is based, so as to make iteeiflent to the reader (the mathematical reader at least)
in what manner and degree the powers of the Analytical Engine transcend those of an engi
which, like the Difference Engine, can only work out such tesad may be derived froome

restricted and particular series of processssich as those includedA™u. = 0. We think this of

importance, because we know that there exists considerable vagueness and inaccuracy in the |
of persons in general on the subjéidtere is a misty notion amongst most of those who have
attended at all to it, thavo“ cal cul ati ng machines” have be
person within the last few years; while others again have never heard but of the one origir

caatciumg machi ne, and are not aware of t
these two classes of persons the above considerations are appropriate. While the latter requ
knowledge of the fact that thesee twosuch inventions, the formereanot less in want of accurate
and weltdefined information on the subject. No very clear or correct ideas prevail as to th
characteristics of each engine, or their respective advantages or disadvantages; and in mee
with those incidental allusionsf a more or less direct kind, which occur in so many publications
of the day, to these machines, it must frequently be matter of dbicht c al cul at i ng
is referred to, or whethéothare included in the general allusion.

We are desiroukewise of removing two misapprehensions which we know obtain, to some
extent, respecting these engines. In the first place it is very generally supposed that the Differe
Engine, after it had been completed up to a certain poingestedhe idea ofthe Analytical
Engine; and that the second is in fact the improved offspring of the firsyramdutof the
existence of its predecessor, through some natural or else accidental combination of id
suggested by this one. Such a supposition is inniiance contrary to the facts; although it seems
to be almost an obvious inference, wherever two inventions, similar in their nature and objec
succeed each other closely in ordetira& and strikingly in order ofalue more especially when

the saméndividual is the author of both. Nevertheless the ideas which led to the Analytical Engin
occurred in a manner wholly independent of any that were connected with the Difference Engir
These ideas are indeed in their own intrinsic nature independdre tHtter engine, and might
equally have occurred had it never existed nor been even thought of at all.

The second of the misapprehensions above alluded to relates to tkaavatil suspension, during
some years past, of all progress in the constructiotheDifference Engine. Respecting the
circumstances which have interfered with the actual completion of either invention, we offer n
opinion; and in fact are not possessed of the data for doing so, had we the inclination. But:



know that some personsppose these obstacles (be they what they may) to have iarisen
consequencef the subsequent invention of the Analytical Engine while the former was in progres:
We have ourselves heard it evamentedhat an idea should ever have occurred at all, wéch
turned out to be merely the means of arresting what was already in a course of succes
execution, without substituting the superior invention in its stead. This notion we can contradi
in the most unqualified manner. The progress of the DiffereEngie had long been suspended,
before there were even the least crude glimmerings of any invention superior to it. Sut
glimmerings, therefore, and their subsequent development, were in no way the osiginai

that suspension; although, where diffiees of some kind or other evidently already existed, it
was not perhaps calculated to remove or lessen them that an invention should have b
meanwhile thought of, which, while including all that the first was capable of, possesses powe
so extendedsato eclipse it altogether.

We leave it for the decision of each individuaft¢r he has possessed himsdlfcompetent
information as to the characteristics of each engine) to determine how far it ought to be matter
regret that such an accession hasrbmade to the powers of human science, evemaif (tvhich

we greatly doubt) increased to a certain limited extent some already existing difficulties that h:
arisen in the way of completing a valuable but lesser work. We leave it for each to saussif h

as to the wisdom of desiring the obliteration (were that now possible) of all records of the mo
perfect invention, in order that the comparatively limited one might be finished. The Differenc
Engine would doubtless fulfil all those practical altgewhich it was originally destined for. It
would certainly calculate all the tables that are more directly necessary for the physical purpo:s
of life, such as nautical and other computations. Those who incline to very strictly utilitarian view
may perlaps feel that the peculiar powers of the Analytical Engine bear upon questions of abstr:
and speculative science, rather than upon those involving-degrgnd ordinary human interests.
These persons being likely to possess but little sympathy, orbpossiquaintance, with any
branches of science which they do not find tadeful(according taheir definition of that word),

may conceive that the undertaking of that engine, now that the other one is already in progre
would be a barren and unprodive laying out of yet more money and labour; in fact, a work of
supererogation. Even in the utilitarian aspect, however, we do not doubt that very valuak
practical results would be developed by the extended faculties of the Analytical Engine; some
which results we think we could now hint at, had we the space; and others, which it may not y
be possible to foresee, but which would be brought forth by the daily increasing requirements
science, and by a more intimate practical acquaintance witlotherp of the engine, were it in
actual existence.

On general grounds, both of arpriori description as well as those founded on the scientific
history and experience of mankind, we see strong presumptions that such would be the c:
Nevertheless all wilprobably concur in feeling that the completion of the Difference Engine
would be far preferable to the nanmpletion of any calculating engine at all. With whomsoever
or wheresoever may rest the present causes of difficulty that apparently exist teibedthe
completion of the old engine, or the commencement of the new one, we trust they will n
ultimately result in this generation's being acquainted with these inventions through the medit
of pen, ink and paper merely; and still more do we hdpa, for the honour of our country's
reputation in the future pages of history, these causes will not lead to the completion of tl
undertaking by somethernation or government. This could not but be matter of just regret; and
equally so, whether the olbsles may have originated in private interests and feelings, in
considerations of a more public description, or in causes combining the nature of both su
solutions.



We refer the reader to the ‘" Edinburgh eRe\
Difference Engine. The writer of the article we allude to has selected as his prominent matter
exposition, a wholly different view of the subject from that which M. Menabrea has chosen. Tt
former chiefly treats it under its mechanical aspect, emgdrut slightly into the mathematical
principles of which that engine is the representative, but giving, in considerable length, mar
details of the mechanism and contrivances by means of which it tabulates the various orders
differences. M. Menabreandhe contrary, exclusively developes the analytical view; taking it for
granted that mechanism is able to perform certain processes, but without attempting
explainhow, and devoting his whole attention to explanations and illustrations of the manner i
which analytical laws can be so arranged and combined as to bring every branch of that v
subject within the grasp of the assumed powers of mechanism. It is obvious that, in the invent
of a calculating engine, these two branches of the subject alye@ssential fields of
investigation, and that on their mutual adjustment, one to the other, must depend all success. T
must be made to meet each other, so that the weak points in the powers of either department
be compensated by the strong psintthose of the other. They are indissolubly connected, though
so different in their intrinsic nature, that perhaps the same mind might not be likely to prov
equally profound or successful in both. We know those who doubt whether the powers
mechanisnwill in practice prove adequate in all respects to the demands made upon them int
working of such complicated trains of machinery as those of the above engines, and w
apprehend that unforeseen practical difficulties and disturbances will arisenaytiod accuracy

and of facility of operation. The Difference Engine, however, appears to us to be in a great meas
an answer to these doubts. It is complete as far as it goes, and it does work with all the anticipse
success. The Analytical Engine, faom being more complicated, will in many respects be of
simpler construction; and it is a remarkable circumstance attending it, that witl
very simplifiedmeans it is so much more powerful.

The article in the ‘“Edinbur gustoheaccueence ofarg s
ideas such as afterwards led to the invention of the Analytical Engine; and in the nature of t
Difference Engine there is much less that would invite a writer to take exclusively, or eve
prominently, the mathematical view df than in that of the Analytical Engine; although
mechanism has undoubtedly gone much further to meet mathematics, in the case of this eng
than of the former one. Some publication embracingrigehanicaview of the Analytical Engine

Is a desideraim which we trust will be supplied before long.

Those who may have the patience to study a moderate quantity of rather dry details will find am|
compensation, after perusing the article of 1834, in the clearness with which a succinct view w
have beemttained of the various practical steps through which mechanism can accomplish cert:
processes; and they will also find themselves still further capable of appreciating M. Menabre:
more comprehensive and generalized memoir. The very difference igltharsd object of these
two articles makes them peculiarly valuable to each other; at least for the purposes of those v
really desire something more than a merely superficial and popular comprehension of the subj
of calculating engines.

A. A. L.
Note B

That portion of the Analytical Engine here alluded to is called the storehouse. It contains
indefinite number of the columns of discs described by M. Menabrea. The reader may picture



himself a pile of rather large draughtsmen heaped perpendycalad above another to a
considerable height, each counter having the digits from 0 to 9 inscribed enigetis equal
intervals; and if he then conceives that the counters do not actually lie one upon another so a
be in contact, but are fixed at sinatervals of vertical distance on a common axis which passes
perpendicularly through their centres, and around which each disevoése horizontallyso that

any required digit amongst those inscribed on its margin can be brought into view, he evdl hav
good idea of one of these columns. Tdveesof the discs on any column belongs to the units, the
next above to the tens, the next above this to the hundreds, and so on. Thus, if we wishet
inscribe 1345 on a column of the engine, it would stand-thus

b~ wek

In the Difference Engine there are seven of these columns placed side by side in a row, and
working mechanism extends behind them: the general form of the whole mass of machinery
that of a quadrangular prism (more or less approachirgetoube); the results always appearing
on that perpendicular face of the engine which contains the columns of discs, opposite to wh
face a spectator may place himself. In the Analytical Engine there would be many more of the
columns, probably at leasto hundred. The precise form and arrangement which the whole mas
of its mechanism will assume is not yet finally determined.

We may conveniently represent the columns of discs on paper in a diagram like the folewing:
\fr 1 1; 2 \“r 3 1\; 4 & .
O O O O &
0 0 0 0
0 0 0 0
0 0 0 0 &ec
0 0 0 0
O O O 0O ge.

The V's are for the purpose ajrorenient reference to any column, either in writing or speaking,
and are consequently numbered. The reason why the letter V is chosen for the purpose
preference to any other letter, is because these columns are designated (as the reader will fir
proceeding with the Memoir) theariables and sometimes théariable columnsor thecolumns of
Variables The origin of this appellation is, that the values on the columns are destined to chang
that is tovary, in every conceivable manner. But itnecessary to guard against the natural
misapprehension that the columns are only intended to receive the valuesvafathesin an
analytical formula, and not of thenstants The columns are called Variables on a ground wholly
unconnected with thanalytical distinction between constants and variables. In order to prevent
the possibility of confusion, we have, both in the translation and in the notes, written Variab
with a capital letter when we use the word to signifplamn of the engineand vaiable with a
small letter when we mean thariable of a formula Similarly, Variable-cardssignify any cards that
belong to a column of the engine.



To return to the explanation of the diagram: each circle at the top is intended to contain t
algebracgn + or -, e i t shbstitutedof thewthdr, @adtordm@ as thé rumber
represented on the column below is positive or negative. In a similar manner any oth
purely symbolicalresults of algebraical processes might be made to appear in these cifgdl&s. In

A. the practicability of developingymbolicalwith no less ease thaamericalresults las been
touched on. The zeros beneathdhaboliccircles represent each of them a disc, supposed to have
the digit O presented in front. Only four tiers of zeros have been figured in the diagram, but the
may be considered as representing thirty oryfast any number of tiers of discs that may be
required. Since each disc can present any digit, and each circle any sign, the discs of every colt
may beso adjuste@s to exprss any positive or negative number whatever within the limits of
the machine; which limits depend on tependicularextent of the mechanism, that is, on the
number of discs to a column.

Each of the squares below the zeros is intended for the inscrigftianygeneralsymbol or
combination of symbols we please; it being understood that the number represented on the colt
immediately above is the numerical value of that symbol, or combination of symbols. Let us, fc
instance, represent the three quasdi n, x, and let us further suppose that 5,n=7,x= 98.

We should have-

V 1 R*IQ R‘I'g_ \"lr;'_l &c.

0 0 9 0
5] 7 0 &c
n 1

We may now combine these symbols in a variety of ways, so as to form any required function
functions of them, and we may then inscribe each such function below brackets, every brack
uniting together those quantities (and those only) which enteratuhction inscribed below
it. We must also, when we have decided on the particular function whose numerical value we
desire to calculate, assign another column to the-hight for receiving theesults and must
inscribe the function in the square belthis column. In the above instance we might have any

one of the following functions=-

"™ a-n-x, cr,a+n+x, &e &

ar

Let us select the first. It would stand as follows, previous to calculation:
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Fl -vg ‘i'r:i ‘vr4 &3[1.
+ 4+ o+ o+
() 0 () 0 &e.

0 0 0 0
o0 0 9 0
5 7 8 0 &
a 1 xr E

o

aa™

The data being given, we must now put into the engine the cards proper for ditezbpgrations
in the case of the particular function chosen. These operations would in this instance be,

First, six multiplications in order to get (=98’ for the above particular data).

Secondly, one multiplication in order then to get (=5-98)).

In all, seven multiplications to complete the whole process. We may thus representthem:
(%, x, %, X, x, X, x), 0or7 (X).

The multiplications would, however, at successive stages in the solution of the problem, oper
on pairs of numbers, derived fratifferentcolumns. In other words, tlsame operationvould be
performed on differendubjects of operatianAnd here again is an illustration of the remarks made
in thepreceding Not®n the independent manner in which the engine directpétations In
determining the value @ik, theoperationsarehomogeneoys but are distributed amongst
differentsubjects of operatignat successive stages of the computation. It is by meanstaince
punched cards, belonging to the Variables themselves, that the action of the operations
sodistributedas to suit each particular function. Tbperatiorcardsmerely determine the
succession of operations in a general manner. They in fact thrinatgortion of the mechanism
included in themill into a series of differertates which we may call thedding state or
themultiplying state &c. respectively. In each of these states the mechanism is ready to act in tt
way peculiar to that stat®n any pair of numbers which may be permitted to come within its
sphere of action. Onlgneof these operating states of the mill can exist at a time; and the natur
of the mechanism is also such that omig pair of numbersan be received and actedaira time.
Now, in order to secure that the mill shall receive a constant supply of the proper pairs of numb:
In succession, and that it shall also rightly locate the result of an operation performed upon &
pair, each Variable has cards of its owrobging to it. It has, first, a class of cards whose business
it is toallow the number on the Variable to pass into the mill, there to be operated upon. The
cards may be called tiszipplyingcards They furnish the mill with its proper food. Ea<hriable

has, secondly, another class of cards, whose office it is to allow the Variaklzitea
numberfrom the mill. These cards may be called Regeivingcards Theyregulate the location of
results, whether temporary or ultimate results. Thaaséecards in general (including both the
preceding classes) might, it appears to us, be even more appropriately designated the Distribut
cards, since it is through their means that the action of the operations, and the results of this act
are righly distributed



There arawo varietiesof theSupplyingVariablecards, respectively adapted for fulfilling two
distinct subsidiary purposes: but as these modifications do not bear upon the present subject
shall notice them in another place.

In the dove case X', the Operatiorcards merely order seven multiplications, that is, they order
the mill to be in thenultiplying stateseven successive times (without any reference to the particulat
columns whose numbers are to be acted upon). The progteibDiive Variablecards step in at
each successive multiplication, and cause the distributions requisite for the particular case.

For  x%7 the operations would be 34 (%)
a-n-x (#, %), or 2 (%)
2.z (=, %)
a+n+x (+.4+), or 2 (+)

The engine might be made to calculate all these in succession. Having cora|etbd
functionx@" might be written uner the brackets instead @f, and a new calculation commenced
(the appropriate Operation and Variabbrds for the new function of course coming into play).
The results would then appear on.\50 on for any number of different functions of the
guantitesa, n, x. Eachresultmight either permanently remain on its column during the succeeding
calculations, so that when all the functions had been computed, their values would simultaneot
exist on \4, Vs, Vs, &cC.; or each result might (after beipginted off, or used in any specified
manner) be effaced, to make way for its successor. The square wwaghv, for the latter
arrangement, to have the functiang x@", anx, &c. successively inscribed in it.

Let us now suppose that we hawe expressions whose values have been computed by the engine
independently of each other (each having its own group of columns for data and results). Let th
beax", andbpy. They would then stand as follows on the columns:

Vi Vz V:; Vrl Vﬁ Vfi V'r VH VEJ

+ o+ 4+ o+ 4+ 4+ o+ o+ o+
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
a n r| |az" b p y | |bpy ‘g;:

" "y L -y
Th il

We may now desire to combine togettieese twaesults in any manner we please; in which case

it would only be necessary to have an additional card or cards, which should order the requis
operations to be performed with the numbers on the two fesluinns \4 and \k, and theesult

of these further operatiort® appear on a new columng.\5ay that we wish to divide<' by bpy. The
numerical value of this division would then appear on the colugirb®eath which we have

inscribedbry . The whole series of operations from the beginninglavba as followsr{ being =
7):



{7(x), 2(x), +}, or {9(x), }.

This example is introduced merely to show that we may, if we please, retain separately a
permanently anintermediateresults (likeax", bpy) which occur in the course of processes having

ax"
anulterior and more complicated result as their chief and final oé&ke {;;u-;;)_

Any group of columns may be considered as representiggegalfunction, until aspecialone
has been implicitly impressed upon them through the introduction into the ehtjieedperation
and Variablecards made out for@articular function. Thus, in the preceding example, V2, Vs,

ax'
Vs, Ve, V7represent thgenerafunction?(a, n, b, p,x,y) until the functiorbry has been
determined on, anichplicitly expressed by the pdeng of the right cards in the engine. The actual
working of the mechanism, as regulated by these cardsexhkxzitly developes the value of the
function. The inscription of a function under the brackets, and in the square under the rest
column, in noway influences the processes or the results, and is merely a memorandum for t
observer, to remind him of what is going on. It is the Operation and the Vaciiole only which
in reality determine the function. Indeed it should be distinctly kept md nthat the inscriptions
within anyof the squares are quite independent of the mechanism or workings of the engine, &
are nothing but arbitrary memorandums placed there at pleasure to assist the spectator.

The further we analyse the manner in whichhsaic engine performs its processes and attains its
results, the more we perceive how distinctly it places in a true and just light the mutual relatio
and connexion of the various steps of mathematical analysis; how clearly it separates those thi
which are in reality distinct and independent, and unites those which are mutually dependent.

A.A. L.
Note C

Those who may desire to study the principles of the Jacdo@main the most effectual manner,
viz. that of practical observation, have only to Stép the Adelaide Gallery or the Polytechnic
Institution. In each of these valuable repositories of scieritifstration, a weaver is constantly
working at a Jacquatidom, and is ready to give any information that may be desired as to the
constructionand modes of acting of his apparatus. The volume on the manufacture of silk, i
Lardner's Cyclopaedia, contains a chapter on the Jactpard which may also be consulted with
advantage.

The mode of application of the cards, as hitherto used in the aréafing, was not found,
however, to be sufficiently powerful for all the simplifications which it was desirable to attain in
such varied and complicated processes as those required in order to fulfil the purposes of
Analytical Engine. A method was degws of what was technically designateatkingthe cards in
certain groups according to certain laws. The object of this extension is to secure the possibi
of bringing any particular card or set of cards intoarsenumber of times successivigiythesolution

of one problem. Whether this power shall be taken advantage of or not, in each particular instar
will depend on the nature of the operations which the problem under consideration may requi
The process ialluded to by M. Menabreand it is a very important simplification. It has been
proposed to use it for the reciprocal benefit of that art, which, while it has itself no apparel
connexion with the domains of abstratience, has yet proved so valuable to the latter, in



suggesting the principles which, in their new and singular field of application, seem likely t
placealgebraicalcombinations not less completely within the province of mechanism, than are a
those \aried intricacies of whicintersecting threadare susceptible. By the introduction of the
system obackinginto the Jacquartbom itself, patterns which should possess symmetry, and
follow regular laws of any extent, might be woven by means of compelsatew cards.

Those who understand the mechanism of this loom will perceive that the above improvement
easily effected in practice, by causing the prism over which the train of pestets is suspended

to revolvebackwarddgnstead oforwards at pkeasure, under the requisite circumstances; until, by
so doing, any particular card, or set of cards, that has done duty once, and passed on in the ordi
regular succession, is brought back to the position it occupied just before it was used thegprecec
time. The prism then resumes fileward rotation, and thus brings the card or set of cards in
guestion into play a second time. This process may obviously be repeated any number of time

A. A. L.
Note D

We have represented the solution of these twateans below, with every detail, in a diagram
similar to those used iNote B but additional explanations are requisite, partly in order to make
this more complicated case perfectlgar, and partly for the comprehension of certain indications
and notations not used in the preceding diagrams. Those who may wish to undéostand
G completely, are recommended w@yarticular attention to the contents of the present Note, or
they will not otherwise comprehend the similar notation and indications when applied to a mu
more complicated case.
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In all calculations, theolumns of Variables used may be divided into three classes:

1st. Those on which the data are inscribed:
2ndly. Those intended to receive the final results:
3rdly. Those intended to receive such intermediate and temporary combinations of the
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primitive data as are not to be permanently retained, but are merely needeudkifay with in

order to attain the ultimate results. Combinations of this kind might properly be s=aitediary

data They are in fact so manyiccessive stagéewards the finatesult. The columns which

receive them are rightly nam&ubrkingVariables for their office is in its nature

purely subsidiaryto other purposes. They develope an intermediate and transient class of result:
which unite the original data with the finasults.

The Resulvariables sometimes partake of the nature of Workiagables. It frequently
happens that a Variable destined to receive a final result is the recipient of one or mc
intermediate values successively, in the course of the processdarl§j the Variables for data
often become Workingyariables, or Resulariables, or even both in succession. It so happens,
however, that in the case of the present equations the three sets of offices remain througf
perfectly separate and indepentlen

It will be observed, that in the squares belowMheking Variables nothing is inscribed. Any one

of these Variables is in many cases destined to pass through various values successively du
the performance of a calculation (although in these pdatiequations no instance of this occurs)

. Consequently none fixegaymbol, or combination of symbols, should be considered as properly
belonging to a merelworkingVariable; and as a general rule their squares are left blank. Of
course in this, as inllaother cases where we mentiogemeralrule, it is understood that many
particular exceptions may be expedient.

In order that all the indications contained in the diagram may be completely understood, we st
now explain two or three points, not hitteetouched on. When the value on any Variable is called
into use, one of two consequences may be made to result. Either the valtumay the
Variable after it has been used, in which case it is ready for a second use if needed; or the Vari:
may ke made zero. (We are of course not considering a third case, of not unfrequent occurrer
in which the same Variable is destined to receivedtdtof the very operation which it has just
supplied with a number.) Now the ordinary rule is, that theesalurnsto the Variable; unless it
has been foreseen that no use for that value can recur, in which case zero is substituted
theendof a calculation, therefore, every column ought as a general rule to be zero, excepting the
for results. Thus it libe seen by the diagram, that wherthe value on ¥, is used for the second
time by Operation 5, ¥becomes 0, sinaais not again needed; that similarly, whem(— m'n),

on V12, is used for the third time by Operation 11;Wecomes zero, since'— m'n) is not again
needed. In order to provide for the one or the other of the courses above indicated, thi
aretwo varieties of thesupplyingVariable cards. One of these varieties has provisions which cause
the number given off from any Variable returnto that Variable after doing its duty in the mill.
The other variety has provisions which caza®to be substituted on the Variable, for the number
given off. These two varieties are distinguished, when needful, by the respective appelfations
the RetainingSupply-cards and th&ero Supply-cards. We see that the primary office (Blete B)

of both these varieties of cards is the same; they only differ inséw@indaryoffice.

Every Variable thus has belonging to it one clasReakivingvariablecards andwo classes
of SupplyingVariablecards. It is plain however that only theeor theotherof these two latter
classes can be used by any one Variable for one aperatevembothsimultaneously, their
respective functions being mutually incompatible.

It should be understood that the Variabdds are not placed immediate contiguityvith the
columns. Each card is connected by means of wires with the columnténsied to act upon.



Our diagram ought in reality to be placed side by side with M. Menabrea's corresponding tab
S0 as to be compared with it, line for line belonging to each operation. But it was unfortunate
inconvenient to print them in this desil@dorm. The diagram is, in the main, merely another
manner of indicating the various relations denoted in M. Menabrea's table. Each mode has sc
advantages and some disadvantages. Combined, they form a complete and accurate methc
registering every sp and sequence in all calculations performed by the engine.

No notice has yet been taken of tlpperindices which are added to the left of each V in the
diagram; an addition which we have also taken the liberty of making to the V's in M. Menabree
tables3and4, since it does natiteranything therein represented by him, but
merelyaddssomething to therevious indications of those tables. Tower indices are obviously
indices ofiocality only, and are wholly independent of the operations performed or of the result
obtained, their value continuing unchanged during the performance of calculation:
Theupperindices, however, are of a different nature. Their office is to indicatel&nytionin

the value which a Variable represents; and they are of course liable to changes during the proce
of a calculation. Whenever a Variable has only zeros itpdns called®V; the moment a value
appears on it (whether that value be placed there arbitrarily, or appears in the natural course
calculation), it become/. If this value gives place to another value, the Variable becéwhes
and so forth. Wheever avalueagain gives place teerq the Variable again becom@g, even if

it have beeriV the moment before. If @aluethen again be substituted, the Variable becdtites

(as it would have done if it had not passed through the intermédijat&c. &c. Just before any
calculation is commenced, and after the data have been given, and everything adjusted
prepared for setting the mechanism in action, the upper indices of the Variables for data are
unity, and those for the Working and Reswdtiables are all zero. In this state the
diagramrepresents them

There are several advantages in having a set of indices of this nature; but these advantage:
perhaps hardly ad kind to be immediately perceived, unless by a mind somewhat accustomed
trace the successive steps by means of which the engine accomplishes its purposes. We have
space to mention in a general way, that the whole notation of the tables is nradensistent

by these indices, for they are able to madkfarencein certain cases, where there would otherwise
be an appareindentityconfusing in its tendency. In such a case asW+V.there is more
clearness and more consistency with the usual laws of algebraical notation, in being able
write ™V ,=%V+"V,, It is also obvious that the indices furnish a powerful means of tracing bacl
the derivation of any result; and of registerirgrigus circumstances concerning tbates of
successive substitutigngf which everyresultis in fact merely the final consequence; circumstances
that may in certain cases involve relations which it is important to observe, either for pure
analyticalreasons, or for practically adapting the workings of the engine to their occurrence. Tt
series of substitutions which lead to the equations of the diagram are as-#ellow:

(1.) (2.) (3.) (4.)
!
1

]_TVTE _ ! Vig I Vin I Vi ! Vi | "'u‘r_-j. V. I 1"».-";], _ d' mn—dm'
16 7 1 V 12 o H'»"T[;—] "!.-'r? 1 1|'r'r[] . 1-’.1 — "L-"';-] 1 "v'r| o mn'—m'n
(1.) (2.) (3.) (4.)
J'TS,,'T p— . Vg — I Vg— I Vg — I Vo A Vig— I Ve . Vi — dn'—d'n
15 LV 12 IVg—1V+ V-1V, —1V4-1V, mn'—m'n

There arehreesuccessive substitutions for each of these equations. The formulee (2.), (3.) and (:
areimplicitly contained in (1.), which latter we may consid&s being in fact
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thecondensegxpression of any of the former. It will be observed that every succeeding
substitution must contatwiceas many V's as its predecessor. So that if a problem
requiren substitutions, the successive series of numbers fov'thim the whole of them will be

2, 4, "8, 16..2

The substitutions in the preceding equations happen to be of little value towards illustrating tl
power and uses of the upper indices, for, owing to the nature of these particular equations,

indices ae all unity throughout. We wish we had space to enter more fully into the relations whic
these indices would in many cases enable us to trace.

M. Menabrea incloses the three centre columns of his table under the generalitibie-cards

The V's howeer in reality all represent the actiariable-columnsof the engine, and not the cards
that belong to them. Still the title is a very just one, since it is through the special action of certe
Variablecards (wherombinedwith the more generalized aggnof the Operatiortards) that
every one of the particular relations he has indicated under that title is brought about.

Suppose we wish to ascertain how often amquantity, or combination of quantities, is brought
into use during a calculation. Wesdg ascertainhis, from the inspection of any vertical column
or columns of the diagram in which that quantity may appear. Thus, in the present case, we
that all the data, and all the intermediate results likewise, are used twice, exaepting't),
which is used three times.

Theorderin which it is possible to perform the operations for the present example, enables us
effect all the eleven operations of which it consists with @nbe Operation cardsbecause the
problem is of such a natutleat it admits of eactlassof operations being performed in a group
together; all the multiplications one after another, all the subtractions one after another, &c. T
operations are {6(x), 3\, 2(+)}.

Since the very definition of an operation implikat there must bgvo numbers to act upon, there
are of coursewo Supplyingvariablecards necessarily brought into action for every operation, in
order to furnish the two proper numbers. (Slege B) Also, since every operation must produce
aresult, which must be placesbmewhereeach operation entails the action &fezeivingVariable

card, to indicate the proper locality for the result. Therefore, at least three times agamablg
cards as there aoperations(not Operationcards for these, as we have just seen, are by no means
always as numerous as thmerationg are brought into use in every calculation. Indeed, under
certain contingencies, a still larger proportion is requisite; such, for example, would probably |
the case when the same result has to appear on more than one Variable simultaneously (whi
nat unfrequently a provision necessary for subsequent purposes in a calculation), and in so
other cases which we shall not here specify. We see therefore that a great disproportion ex
between the amount whriableand ofOperationcards requisite fothe working of even the
simplest calculation.

All calculations do not admit, like this one, of the operations of the same nature being perform
in groups together. Probably very few do so without exceptions occurring in one or other stage
the progressand some would not admit it at all. Thelerin which the operations shall be

performed in every particular case is a very interesting and curious question, on which our sp:
does not permit us fully to enter. In almost every computation agnézty of arrangements for

the succession of the processes is possible, and various considerations must influence the sele
amongst them for the purposes of a Calculating Engine. One essential object is to choose



arrangement which shall tend to reduoeat minimum theimenecessary for completing the
calculation.

It must be evident how multifarious and how mutually complicated are the considerations whic
the working of such an engine involve. There are frequently several distisiof effectgoingon
simultaneously; all in a manner independent of each other, and yet to a greater or less dec
exercising a mutual influence. To adjust each to every other, and indeed even to perceive and t
them out with perfect correctness and success, entdilsulties whose nature partakes to a
certain extent of those involved in every question whkenéitionsare very numerous and inter
complicated; such as for instance the estimation of the mutual relation:
amongsstatisticalphaenomena, and of those invadvin many other classes of facts.

A. A. L.
Note E

This example has evidently been chosen on account of its brevity and simplicity, with a vie
merely to explain thenannerin which the engine would proceed in the case oéraiytical
calculation containing variables rather than to illustrate thetent of its powertd solve cases of a
difficult and complex nature. The equatiansfirst example in the Memoare in fact anore
complicated problem than the present one.

We have not subjoined any diagram of its development for this new example, as we did for t
former one, because this is unnecessary after the full application already made of those diagr:
to the illustraton of M. Menabrea's excellent tables.

It may be remarked that a slight discrepancy exists between the formulae

(a+ bx)
(A + B cos x)

given in the Memoir as théatafor calculation, and theesultsof the calculation as developed in
the last division othe table which accompanies it. To agree perfectly with this latter, the datz
should have been given as

(@@ + bxd)
(A co? x + B cos x)

The following is a more complicated example of the manner in which the engine would compu
a trigonometrical functioontaining variables. To multiply

A+A1cost + Axcos20 + Ascos3l + -
by B + Bicost.

Let the resulting products be represented under the general form
Co + Cicost! + Ccos2 + Cacos3l + - (1)

This trigonometrical series is not only in itsedry appropriate for illustrating the processes of
the engine, but is likewise of much practical interest from its frequent use in astronomic



computations. Before proceeding further with it, we shall point out that there are three very distir
classes bways in which it may be desired to deduce numerical values from any analytice
formula.

First. We may wish to find the collective numerical value ofvthele formula without any
reference to the quantities of which that formula is a function, or tpatheular mode of their
combination and distribution, of which the formula is the result and representative. Values of tt
kind are of a strictly arithmetical nature in the most limited sense of the term, and retain no tra
whatever of the processesdbgh which they have been deduced. In fact, any one such numerice
value may have been attained fromirdinite varietyof data, or of problems. The values
for x andy in the two equations (sééote D) come under this class of numerical results.

Secondly. We may propose to compute the collective numerical vataerofernof a formula,
or of a series, and to keep these results separate. The engine must in such a case appropri:
many columns teesultsas there are terms to compute.

Thirdly. It may be desired to compute the numerical value of vasigtivisions of each tegrand

to keep all these results separate. It may be required, for instance, to compute each coeffic
separately from its variable, in which particular case the engine must appraptagsult
columns toevery term that contains both a variable and coefficient

There are many ways in which it may be desired in special cases to distribute and keep sepa
the numerical values of different parts of an algebraical formula; and the power of effecting su:
distributions to any extent is essential to dlyebraicalcharacter of the Analytical Engine. Many
persons who are not conversant with mathematical stuidmragine that because the business of
the engine is to give its resultsrinmerical notation thenature of its processamust consequently

be arithmeticalandnumerical rather tharalgebraicalandanalytical This is an error. The engine can
arrange and combine its numerical quantities exactly as if they Vegeesor any
othergeneralsymbols; and in fact it might bring out its results in algebraicgition were
provisions made accordingly. It might develope three sets of results simultaneousl
viz. symbolicresults (as already alluded to in NofesandB.), numericalresults (its chief and
primary obje&t); andalgebraicalresults inliteral notation. This latter however has not been deemed
a necessary or desirable addition to its powers, partly because the necessary arrangement
effecting it would increase the complexity and extent of the mechaaiardegree that would not

be commensurate with the advantages, where the main object of the invention is to transl
into numericallanguage general formulee of analysis already known to us, or whose laws ¢
formation are known to us. But it would be astake to suppose that becauseeitsitsare given

in thenotationof a more restricted science, pi®cessesre therefore restricted to those of that
science. The object of the engine is in fact to giveutimest practical efficiencto the resources

of numerical interpretation®f the higher science of analysis, while it uses the processes an
combinations of this latter.

To return to the trigonometrical series. We shall only consider the first four terms of the factor (
+ A1 cosf + &c.), since thiswill be sufficient to show the method. We propose to obtain
separately the numerical valueeakch coefficien€o, C1, &c. of (1.). The direct multiplication of

the two factors gives

BA + BAjcozf + BAgcosd F BAgecosdd b e
BiAcosfl + H1 Aqoosl-cosfl 4+ HI Ao cos 200 - cos @ 4 HI Ag oos 30 - cosd (2)



a result which would stand thus on the engine:

Variables for Data

Vo Vi Vs Vg Vie Vi
A A 1 1‘5&2 A:; B Bl
cos  cos20 cos3O cos
Variables ifﬂ‘ Results
1\""2[} W'"'r!l \-’_-_;--_;- “f'_:z.'; . 1'~"'_::;1 V:s;ﬂ V:a:a -\“"31
BA \ BA, \ BA, | BA, \ \ B.A| | ByA, B A, BiAj

cosfl cos20 cos3f cosf (cosfl-cosfl) (cos28-cosd) (cos3l - cosf)

The variablébelonging to each coefficient is written below it, as we have done in the diagram, b
way of memorandum. The only further reduction which is at first apparently possible in th
preceding result, would be the addition ghY¥b Va1 (in which case BA shoul be effaced from
V31). The whole operations from the beginning would then-be

First Series of Second Series of Third Series, which contains
Operations Operations only one (final) operation

W10xWo = Wo WirxVo =13 W21xW31 = V21, and

WiV =12 Wixlvi =13, V31 becomes = 0.

WioxVo =Wy, WixtVo =g

WigxV3 =3 WixVa =gy

We do not enter into the same detaibodrystep of the processes as in the examples of Nbtes
andG., thinking it unnecessary and tedious to do so. The reader will remember the meaning &
use of the uppeand lower indices, &c., as before explained.

To proceed: we know that

cosnf - cosf = é cosn + 160 + %n — 160 (3)

Consequently, a slight examination of the second line of (2.) will show that by making the prop
substitutions, (2.) will become

BA +BA; ccosfl | +BAs -cos 26 | +BAS - cos 30
+B1A ccos
+1B, A, +1B, A1 cos 20
+é]31,%2-cu.‘-:~ﬂ +%B1A2'L'UH:HJI
+2B;As - cos 20 +1B, A3 cosdd
Co Cy Ca Ca Cy

These coefficients should respectively apear

Van Vai Vaa Vog Vay.



We shall perceive, if we inspect the particular arrangement of the results in (2.) on the Reslt
columns as represented in the diagram, that, in order to effect this transformation, each succes
coefficient upon ¥z, Vs3, &c. (beginning with \42), must through means of proper cards be
divided bytwo; and that one of the halves thus obtained must be added to the coefficient on t
Variable which precedes it by ten columaad the other half to the coefficient on the Variable
which precedes it by twelve columnszaVVss, &c. themselves becoming zeros during the
process.

This series of operations may be thus expressed:

Fourth Series

11'“'32 =2+ ]sz = :‘J‘Jgg — BA,; + %Blﬂl

1"'?32 +~ 2+ 1‘Elr"rz[} = EVQL} = BA+ %Blf’kl ........... = CU
]'\"_33 =2+ l"'rrgg = ?1\;’_93 = BA3+ %Blj’j’kg .......... = C‘Jl
Wi +2+42Vy = 3Vy = BA+BA+IBA... =C
Waa+2+%Wo = Wy = %Blﬂ-j .................. = (Cy
Wiy =2+ QVQE = WV = BA;+ %Blﬁl + %Blijtg = (Cs.

The calculation of the coefficients,CC1, &c. of (1.) would now be completed, and they would
stand ranged in order orpd/ V21, &c. It will be remarked, that from the moment the fourth series
of operations is ordered, the Variables, W32, &c. cease to bResultVariables, and become
mereWorkingVariables.

The substitution made by the engine of the processes in thedsside of (3.) for those in the
first side is an excellent illustration of the manner in which we may arbitrarily order it to substitut
any function, number, or process, at pleasure, for any other function, number or process, on
occurrence of a spdid contingency.

We will now suppose that we desire to go a step further, and to obtain the numerical value
eachcompleteterm of the product (1.); that is, of eadefficient and variable unitedvhich for the
(n+ 1)th term would by, - cos nf,

We must for lis purpose place the variables themselves on another set of columiNap\&C.,
and then order their successive multiplication by, V2o, &c., each for each. There would thus
be a final series of operations as follows:

Fifth and Final Series of Opations
2V 20 % Va0=1V4o
Vo1 x War=1Va
Va2 x War =1y
223 % Va3 =143
Woax WVas=Vy,

(N.B. that V4o being intended to receive the coefficient o Which hasovariable, will only
have cos @ (=1) inscribed on it, preparatory tommencing the fifth series of operations.)
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From the moment that the fifth and final series of operations is ordered, the Variah)l¥s1V
&c. then in their turn cease to BesultVariables and become me&verkingVariables; Mo, Vai,
&c. being now theecipients of the ultimate results.

We should observe, that if the variables #psos £, cos @, &c. are furnished, they would be
placed directly upon M, Va2, &c., like any other data. If not, a separate computation might be
entered upon in a separgtart of the engine, in order to calculate them, and place themipn V
&cC.

We have now explained how the engine might compute (1.) in the most direct manner, suppos
we knew nothing about thgeneralterm of the resulting series. But the engine woulekality set
to work very differently, whenever (as in this case)dow&now the law for the general term.

The first two terms of (1.) are

(BA +3B,A;) + (BA; + BjA + 1B A - cos6) (4.

and the general term for all after these is

(BA,, +3B1 - A,y + Ajy2)cosnd (5.)

which is the coefficient of then€1)th term. The engine would calculate the first two terms by
means of a separate set of suitable Operatwds, and would then need another set for the third
term; which last set of Operatiarards would calculate all the succeeding tesith$finitum
merel/ requiring certain new Variableards for each term to direct the operations to act on the
proper columns. The following would be the successive sets of operations for computing tl
coefficients oih+2 terms—

(%, X, =, +), (X, X, X, =, +, +Q(X, +, x,+, +).
Or we might represent them as follows, according to the numerical order of the operations:
(1, 2..4),n(@3, 6.21.4)) .

The brackets, it should be understood, point out the relation in which the operations m
be grouped while the commanarkssuccessionThe symbol + might be used for this latter purpose,
but this would be liable to produce confusion, as + is also necessarily used to represent one c
of the actual operations which are the subject of that succession. In accordartbis wmtganing
attached to the comma, care must be taken when any one group of operations recurs more

once, as is represented abovenpyl 1 ...I 5) , not to insert a cC
prefixed to that groum, (11..15) w Oanl bpérdionsnt fallondd by tber group of
operations( 11 ...15) ; i n s thenantber af droupd whinhare to fallgw each ather

Wherever aeneralterm exists, there will be racurring groupof operations, as in the above
example. Both for brevity and foriginctness, @ecurring groupis called aycle A cycleof
operations, then, must be understood to signifysangf operationsvhich is repeatedhore than
once It is equally acyclg whether it be repeatedice only, or an indefinite number of timefgr

it is the fact of aepetition occurring at althat constitutes it such. In many cases of analysis there is



arecurring groupof one or moreycles that is, aycle of a cyclgor acycle of cyclesFor instance:
suppose we wish to divide a serigsabseries,

(1 ) a+br+erd+...

a'+b e’ 400

it being required that the result shall be developed, like the dividend and the divisor, in success
powers ofx. A little consideration of (1.), and of the steps through which algebidigalon is
effected, will show that (if the denominator be supposed to consigieahs) the first partial
quotient will be completed by the following operatiens:

(2. {=), p( x, of J(B), p(2, 3)},

that the second partial quotient will be qaeted by an exactly similar set of operations, which
acts on the remainder obtained by the first set, instead of on the original dividend. The whole
the processes therefore that have been gone through, by the tiseeotitpartial quotient has
been dtained, will be—

(3. A=), (. x  or 2{(3).)p(2, 3)}

which is a cycle that includes a cycle, or a cycle of the second order. The operations f
thecompletedivision, supposing we propose to obtaierms of the series constituting the
guotient, will be;—

(4.) n{(=), o x or n{(D),}(2, 3)},

It is of course to be remembered that the process of algebraical division in reality comtinues
infinitum, except in the few exceptional cases which admit of an exact quotient being ofdtaaed.
numbem in the formula (4.) is always that of the number of terms we propose to ourselves 1
obtain; and theth partial quotient is the coefficient of the X)th power ok.

There are some cases which entyles of cycles of cycleto an indefiite extent. Such cases are
usually very complicated, and they are of extreme interest when considered with reference to
engine. The algebraical development in a series oftthieinction of any given function is of this
nature. Let it be proposed dbtain thenth function of

(5.) @@ b,c,  x),xbeing the variable.

We should premise, that we suppose the reader to understand what is meamthyrastion.

We suppose him likewise to comprehend distinctly the difference between developing
nth function algebraically and merelyalculating an th function arithmetically If he does not, the
following will be by no means very intelligible; but we have not space to give any preliminary
explanations. To proceed: the law, according to which tlceessive functions of (5.) are to be
developed, must of course first be fixed on. This law may be of very various kinds. We mg
propose to obtain our results in succespimeersof x, in which case the general form would be

C + Cx+ Cox%+ &c.;



or in successive powers ofitself, the index of the function we are ultimately to obtain, in which
case the general form would be

C+ Gn+ Cn?+ &c;

andxwould only enter in the coefficients. Again, other functionsxof ofninstead

of powersmight be selected. It might be in addition proposed, that the coefficients themselve
should be arranged according to given functions of a certain quantity. Another mode would be
make equations arbitrarily amongst the coefficients only, in which case thalsewetions,
according to either of which it might be possible to developetth&inction of (5.), would have

to be determined from the combined consideration of these equations and of (5.) itself.

Thealgebraicalnature of the engine (so strongly sted on in a previous part of this Note) would
enable it to follow out any of these various modes indifferently; just as we recently showed that
can distribute and separate the numerical results of any one prescribed series of processes,
perfectly arbitrary manner. Were it otherwise, the engine could meoelypute the arithmetical

nth function a result which, like any other purely arithmetical results, would be simply a collective
number, bearing no traces of the data or the processes whiclihadtle

Secondly, théaw of development for theth function being selected, the next step would
obviously be to develope (5.) itself, according to this law. This result would be the first functior
and would be obtained by a determinate series of ese3hese in most cases would include
amongst them one or motgclesof operations.

The third step (which would consist of the various processes necessary for effecting the act
substitution of the series constituting thst function for thevariable itself) might proceed in either

of two ways. It might make the substitution either wherenaacurs in the original (5.), or it might
similarly make it wherevex occurs in the first function itself which is the equivalent of (5.). In
some cases therfoer mode might be best, and in others the latter.

Whichever is adopted, it must be understood that the result is to appear arranged in a se
following the law originally prescribed for the development of ritie function. This result
constitutes the send function; with which we are to proceed exactly as we did with the first
function, in order to obtain the third function, and soreh times, to obtain theth function. We
easily perceive that since every successive function is arranged in ddien@sy the same law
there would (after théirst function is obtained) be @cle of a cycle of a cygl&c. of operations

one, two, three, up t@1 times, in order to gaehenth function. We sayafter the first function is
obtained because (for reasons on which we cannot here entdfjstiienction might in many
cases be developed through a set of processes peculiar to itself, and not recurring for the remai
functions.

We have given but a very slight sketch of the prinayeakralsteps which would be requisite for
obtaining amth function of such a formula as (5.). The question is so exceedingly complicatec
that perhaps few persons can be expected to follotvetoown satisfaction, so brief and general

a statement as we are here restricted to on this subject. Still it is a very important case as reg
the engine, and suggests ideas peculiar to itself, which we should regret to pass wholly witht
allusion.Nothing could be more interesting than to follow out, in every detail, the solution by the
engine of such a case as the above; but the time, space and labour this would necessitate, ¢
only suit a very extensive work.



To return to the subject ofclesof operations: some of the notation of the integral calculus lends
itself very aptly to express them: (2.) might be thus written:

(6.) (=), > (+1)P(x,—) or (1),>(+1)P(2,3),

wherep stands for the variable; (+PIfpr the function of the variable, that is, @np; and the limits
are from 1to p, or from O top-1, each increment being equal to unity. Similarly, (4.) woule-be,

(7) 2 (1)), 2(+1)P(x, =)}

the limits of n being from 1 to, or from O ton-1,
8) or 2-(+1)"{(1), 22(+1)P(2,3)}.

Perhaps it may be thought that this notation is merely a circuitous way of expressing what w
more simply and as effectually expressed before; and, in the above example, there may be s
truth in this. But there is another description of cycles whittonly effectually be expressed, in

a condensed form, by the preceding notation. We shalltloathvarying cycles They are of
frequent occurrence, and include successive cycles of operations of the following-rature:

@) p(1,2...m),p—1(1,2...m),p—2(1,2...m)...p—n(1,2...m),

whereeach cycle contains the same group of operations, but in which the number of repetitio
of the group varies according to a fixed rate, with every cycle. (9.) can be well expressed
follows:—

(10.) >_p(1,2... -m.)’ the limits ofp being fromp-n to p.

Independent ahe intrinsic advantages which we thus perceive to result in certain cases from th
use of the notation of the integral calculus, there are likewise considerations which make
interesting, from the connections and relations involved in this new ajpplicdt has been
observed in some of the former Notes, that the processes used in analysis form a logical sys
of much higher generality than the applications to number merely. Thus, when we read over &
algebraical formula, considering it exclusiveth reference to the processes of the engine, and
putting aside for the moment its abstract signification as to the relations of quantity, the symbc
+, X, &C. in reality represent (as their immediate and proximate effect, when the formula is appli¢
to the engine) that a certain prism which is a part of the mechanisiN@se€) turns a new face,
and thus presents a new card to act on the bundles of levers of the engine; thedrssinga
perforated with holes, which are arranged according to the peculiarities of the operation
addition, or of multiplication, &c. Again, theumbersn the preceding formula (8.), each of them
really represents one of these very pieces of carcthdiung over the prism.

Now in the use made in the formulae (7.), (8.) and (10.), of the notation of the integral calculu
we have glimpses of a similar new application of the language ofdiw mathematics., in
reality, here indicates that whercartain number of cards have acted in succession, the prism
over which they revolve musitate backwardsso as to bring those cards into their former position;
and the limits 1 to, 1 top, &c., regulate how often this backward rotation is to be regeate



A. A. L.
Note F

There is in existence a beautiful woven portrait of Jacquard, in the fabrication of which 24,0(
cards were required.

The power ofepeatingthe cardsalluded toby M. Menabrea, and more fully explainedNote

C., reduces to an immense extent the number of cards required. It is obvious that this mechan
improvement is especially applicabdderevercyclesoccur in the mathematical operations, and
that, in preparing data for calculations by the engine, it is desirable to arrange the order &
combination of the processes with a view to obtain them as much as pegsinkricallyand in
cydes, in order that the mechanical advantages didbléngsystem may be applied to the utmost.

It is here interesting to observe the manner in which the value aha@jicalresource

Is metandenhancedy an ingeniousnechanicacontrivance. We see iih an instance of one of
those mutuahdjustmentbetween the purely mathematical and the mechanical departments
mentioned irMNlote A as being a main and essential condition of sgae the invention of a
calculating engine. The nature of the resources afforded by such adjustments would be of t
principal kinds. In some cases, a difficulty (perhaps in itself insurmountable) in the on
department would be overcome by facilitiesha bther; and sometimes (as in the present case) &
strong point in the one would be rendered still stronger and more available by combination wi
a corresponding strong point in the other.

As a mere example of the degree to which the combined systemsled and of backing can
diminish thenumberof cards requisite, we shall choose a case which places it in strong evidenc
and which has likewise the advantage of being a perfectly diffeireiaf problem from those
that are mentioned in any of the atlidotes. Suppose it be required to eliminate nine variables
from ten simple equations of the form

axtbxt+texe+ds+---=p (1-)
&cC. &cC. &cC. &cC.

We should explain, before proceedirigat it is not our object to consider this problem with
reference to the actual arrangement of the data on the Variables of the engine, but simply a:
abstract question of thetureandnumberof theoperationsrequired to be performed during its
compkte solution.

The first step would be the elimination of the first unknown quartibetween the first two
equations. This would be obtained by the ferm

(ala-aal)xo + (alb-ab)x1 + (alc-act)xz +
+ (ald-adl)X3 T = alp_ap11

for which the operations 10 (x, x, =) woul
of xo between the second and third equations, for which the operations would be precisely t
same. We should then have had altogether thewWolg operations—

10(x, x, =), 10( x, x, =) = 20/



Continuing in the same manner, the total number of operations for the complete eliminatic
of xo between all the successive pairs of equations would be

9 - 10(x, x, =) = 90(x, x, -

We should theme left with nine simple equations of nine variables from which to eliminate the
next variablex, for which the total of the processes would be

8 . 9 ( x, X, -) = 72 ( %, X -)

We should then be left with eight simple equations of eight variables from whaiminatexz,
for which the processes would-be

7 . 8 ( x, x| -) = 56 ( %, X, -)
and so on. The total operations for the elimination of all the variables would thus be
9-10+89+7.8+6:7+56+4.5+34+2:3+1-2=2330.
So thatthreeOperationcardswould perform the office of 330 such cards.

If we taken simple equations containimg 1 v a rnibean & neirmber unlimited in magnitude,
the case becomes still more obvious, as the same three cards might then take the place of thous
or millions ofcards.

We shall now draw further attention to the fact, already noticed, of its being by no means necess
that a formula proposed for solution should ever have been actually worked out, as a condition
enabling the engine to solve it. Provided wewribeseries of operationto be gone through, that

Is sufficient. In the foregoing instance this will be obvious enough on a slight consideration. An
it is a circumstance which deserves particular notice, since herein may reside a latent value
such arengine almost incalculable in its possible ultimate results. We already know that there a
functions whose numerical value it is of importance for the purposes both of abstract and
practical science to ascertain, but whose determination requiressggecso lengthy and so
complicated, that, although it is possible to arrive at them through great expenditure of tim
labour and money, it is yet on these accounts practically almost unattainable; and we can conc:
there being some results which it mbgabsolutely impossiblen practice to attain with any
accuracy, and whose precise determination it may prove highly important for some of the futu
wants of science, in its manifold, complicated and rapa#lyeloping fields of inquiry, to arrive

at.

Without, however, stepping into the region of conjecture, we will mention a particular probler
which occurs to us at this moment as being an apt illustration of the use to which such an eng
may be turned for determining that which human brains findfitdit or impossible to work out
unerringly. In the solution of the famous problem of the Three Bodies, there are, out of about 2
coefficients of lunar perturbations given by M. Clausen (Asikachrichten, No. 406) as the
result of the calculations bBurg, of two by Damoiseau, and of one by Burckhardt, fourteen
coefficients that differ in the nature of their algebraic sign; and out of the remainder there are or
101 (or about onthird) that agree precisely both in signs and in amount. These discesjan
which are generally small in individual magnitude, may arise either from an erroneou
determination of the abstract coefficients in the development of the problem, or fror



discrepancies in the data deduced from observation, or from both causes doifirmer is
the most ordinary source of error in astronomical computations, and this the engine would entir
obviate.

We might even invent laws for series or formulae in an arbitrary manner, and set the engine
work upon them, and thus deduce nucedresults which we might not otherwise have thought
of obtaining; but this would hardly perhaps in any instance be productive of any great practic
utility, or calculated to rank higher than as a philosophical amusement.

A. A. L.
Note G

It is desirablg¢o guard against the possibility of exaggerated ideas that might arise as to the pow:
of the Analytical Engine. In considering any new subject, there is frequently a tendency, firs
to overratewhat we find to be already interesting or remarkable; sexhndly, by a sort of natural
reaction, taundervaluethe true state of the case, when we do discover that our notions hav
surpassed those that were really tenable.

The Analytical Engine has no pretensions whateveriginate anything. It can do whater

we know how to order ito perform. It carfollow analysis; but it has no power adticipatingany
analytical relations or truths. Its province is to assist us in makaigblewhat we are already
acquainted with. This it is calculated to effectnmarily and chiefly of course, through its
executive faculties; but it is likely to exert adirectand reciprocal influence on science itself in
another manner. For, in so distributing and combining the truths and the formulae of analysis, tl
they maybecome most easily and rapidly amenable to the mechanical combinations of the engi
the relations and the nature of many subjects in that science are necessarily thrown into new lig
and more profoundly investigated. This is a decidedly indirect, aasdmewhaspeculative
consequence of such an invention. It is however pretty evident, on general principles, that
devising for mathematical truths a new form in which to record and throw themselves out ft
actual use, views are likely to be inducethjein should again react on the more theoretical phase
of the subject. There are in all extensions of human power, or additions to human knowledr
variouscollateral influences, besides the main and primary object attained.

To return to the executive fadigs of this engine: the question must arise in every mind, are
theyreally even able tdollow analysis in its whole extent? No reply, entirely satisfactory to all
minds, can be given to this query, excepting the actual existence of the engine, and act
experience of its practical results. We will however sum up for each reader's consideration t
chief elements with which the engine works:

1. It performs the four operations of simple arithmetic upon any numbers whatever.

2. By means of certain artifices aadangements (upon which we cannot enter within the
restricted space which such a publication as the present may admit of), there is no limit
either to themagnitudeof thenumbersused, or to theumber of quantitiegeither variables or
constants) that ay be employed.

3. It can combine these numbers and these quantities either algebraically or arithmetically,
in relations unlimited as to variety, extent, or complexity.

4. It uses algebraisignsaccording to their proper laws, and developes the logical
conseqgences of these laws.



5. It can arbitrarily substitute any formula for any other; effacing the first from the columns
on which it is represented, and making the second appear in its stead.

6. It can provide for singular values. Its power of doing this is refdo@d M. Menabrea's
memoir,where he mentionhe passage of values through zero and infinity. The
practicability of causing it arbitrarily to change its processes at any momehg o
occurrence of any specified contingency (of which its substitution

of (5 cosn + 10 + 5 cosn — 18) for (cos nf - cos 0), explained ifNote E, is in some
degree an illustration), at once secures this point.

The subject bintegration and of differentiation demands some notice. The engine can effect the:
processes in either of two ways:

First. We may order it, by means of the Operation and of the Vaiwabtks, to go through the
various steps by which the requiredit can be worked out for whatever function is under
consideration.

Secondly. It may (if we know the form of the limit for the function in question) effect
theintegration or differendtion by directsubstitution. We remarked Mote B, that anysetof
columns on which numbers are inscribed, represents merglyealfunction of the several
guantities, untithe special function have been impressed by means of the Operation and Variab
cards. Consequently, if instead of requiring the value of the function, we require that of its integr
or of its differential coefficient, we have merely to order whateverquéar combination of the
ingredient quantities may constitute that integral or that coefficieai'|for instance, instead of
the quantities

7 T r r
Vo ViV, Vs
a n x ax"

T

ar”h

being ordered to appear on ¥ the combinatiorax", they would be ordered to appear in that of
anx"!

They would then stand thus:

Vo ViV \E

a n T anx™!
ane™ 1
. : a_n+l :
Similarly, we might havi=+1* | the integral ofx".

An interesting example for following out the processes of the engine would be such a form as

" dx

Va2 — x? ‘




or any other cases of integration by successive reductions, where an integhatartains an
operation repeatedtimes can be made to depend upon another which contains the-4aone-
2 times, and so on until by continued reduction we arrive at a cetiaiateform, whose value
has then to be determined.

The methods in ArbogdisCalcul des Dérivationare peculiarly fitted for the notation and the
processes of the engine. Likewise the whole of the Combinatorial Analysis, which consists fir
in a purely numerical calculation of indices, and secondly in the distribution amuireation of

the quantities according to laws prescribed by these indices.

We will terminate these Notes by following up in detail the steps through which the engine cou
compute the Numbers of Bernoulli, this being (in the form in which we shall defjuceather
complicated example of its powers. The simplest manner of computing these numbers would
from the direct expansion of

r 1
e’ — 1 1+§+ﬁ+

2-3

(1)

:II

q .
551+ &c.

which is in fact a particular case of the development of
a + bxr + cx? + &c.
a +Vx+ dx? + &ec.
mentioned iMNlote E Or again, we might compute them from the vkelbwn form

1-2-3...2n 1 1
By, —2. 4 -{1 LI } |
o (2m)2n tom T T @)

or from the form

+-2mn ; 2n—1 2n 1 2n{2n—1)
BEH—] - . 3 o {‘”_2} I*T?—FE -2 } ¢ (3)
(22.'1 _ 1}2”.—] 1 | 2n | 2n-(2n—1) |
o (” - 3}2“'_1 { |I 22 ]_].}J{u —2) }
+'__=- — 133

L &

or from many others. As however our object is not simplicity or facility of computation, but the
illustration of the powers of the engine, we prefer selecting the formula below, marked (8.) Th
Is derived in the following mannex

If in the equation



? 4 6

xr i X
—1-24BL 4By 4B, - (4)
(in which B, Bs..., &c. are the Numbers of Bernoul | i

side in powers of, and then divide both numerator and denominatog; ke shall derive

L= (1 ”:—I—B ”:E—I—B z? N { .'1:+ e N o N .
- o TPy TR 2 9.3 2.3-1 ()

If this latter multiplication be actually performed, we shallda series of the general form

1+ Dz + Dox? + Dy + - - (6.)

in which we see, first, that all the coefficients of the powerssané severally equal to zero; and
secondly, that the general form for2D the coefficient of the @1thterm(that is
of x> any evenpower ofx), is the following:—

1, 1 By . 1 Ba . 1
2.3..2n+1 2 2.3.2n —|_ 2 2:3...2n—1 + 2.3-4 2-;?-...2-”—:5—'_

T 2-:5%1?.3-{; ' 2-3...;;.—5 T ;-?:ﬂ 53am 1 =0 "
Mul ti plying evewghateer m by (2 3..2
0=~} 32+ By (%) + B (gt 4
+B: (zw Er; ili (2n— )) 4 4 By (8.)
which it may be convenient to write under the general ferm:
0=A)+ A B +A;Bs+A;Bs+---+ Bon1 (9.)

A1, As, &c. being those functions afwhich respectively belong to:1BB3, &c.

We might have derived a formearly similar to (8.), from b1 the coefficient of anydd power
of xin (6.); but the general form is a little different for the coefficients obtlgpowers, and not
guite so convenient.

On examining (7.) and (8.), we perceive that, when these fegrate isolated from (6.), whence
they are derived, and considered in themselves separately and independeayiype any whole
number whatever; although when (7.) occursrasof theD's in (6.), it is obvious thatis then not
arbitrary, but is alwaya certain function of thdistance of thaD from the beginninglf that distance
be =d, then

21 (for any even power of )

2n+1=d, and n = d
2n =d, and n = % (for any odd power of x).



It is with theindependentormula (8.) that we have to do. Therefore it must be remembered tha
the conditions for the value afare now modified, and thatis a perfectlarbitrary whole
number. This circumstance, combined with the fact (which we may easily perceive) th:

whatev= Bs,, _; - ]l = Bon—1 (8.) after then{1)th is =0, and that then€1)th term itself is

always , enables us to find the valuetfar numerical or algebraical) of
anynth Number of Bernoulli B.1, in terms of all the preceding one§ we but know the values of

B1, Bs...Bas. We append to this Note a Diagram and Table, containing the details of thi
computation for B(B1, Bz, Bs being supposed given).

On attentively considering (8.), we shall likewise perceive that we may derive from it the
numerical value oéveryNumber of Bernoulli in succession, from the very beginnaagnfinitum
by the following series of computations:

1st Series—Letn=1, and calculate (8.) for this value rof The result is B

2nd Series—Let n=2. Calculate (8.) for this value of substituting the value of:Bust obtained.
The result is B

3rd Series—Letn=3. Calculate (8.) for this valud o, substituting the values of:BBs before
obtained. The result issBAnd so on, to any extent.

The diagram represents the columns of the engine ||, ", |, {\, - \} e
i . . ' 1 10 sesmnmns "&"1 = ,,..I LR L e,
when just prepared for computing:& (in the |\ v = w5
case oh=4); while the table beneatthem |, |||.| ..., |-, R | I
_ _ USSR | ST B YU VPR
presents a complete simultaneous view of all tng | || av, . ov, vy o [F2ve = el |o s
successive changes which these columns thenl |.| v, «ov. love, oo e = vl
severally pass through in order to perform (he| ¢|-| = -1 v o........ W = Wellogaoa.iin.
. . V1 = Vi
computation. (The reader is referredNiote D. | |i | [+] wva s 5w [5vr oo i .. | EEFR TP
for explanations respecting the nature astm,d]* ¥| et e [a e, e T ey hlempr o
notation of such tables.) T I | C TRy Conpes A i et
P x| 3Vam 3¢ 01 [*Wan v ':EE = ;:‘r:: R N S

Six numericabataare in this case necessary :ox

making the requisite combinations. These data aren{52), B:, Bs, Bs. Weren=5, the additional
datum B would be needed. Wen=6, the datum Bwould be needed; and so on. Thus the
actualnumber of dataeeded will always bet+2, forn=n; and out of these+2 datalrn + 2 — 3) of

them are successive Numbers of Bernoulli. The reason why the Bernoulli Numbers used as ¢
are neverthelesplaced orResultcolumns in the diagram, is because they may properly be
supposed to have been previously computed in succession bygihstself;, under which
circumstances each B will appear assalt, previous to being used asl@aumfor computirg the
succeeding B. Here then is an instance (of the kind alluded\totenD.) of the same Variables
filling more than one office in turn. It is true that if we consider our comjoutadf By as a
perfectly isolated calculation, we may conclude B, Bs to have been arbitrarily placed on the
columns; and it would then perhaps be more consistent to put them @5, Vs as data and not
results. But we are not taking this view. On ttontrary, we suppose the engine tinlike course

of computing the Numbers to an indefinite extent, from the very beginning; and that we mere
single out, by way of examplene amongsthe successive but distinct series of computations it is
thus peforming. Where the B's are fractional, it must be understood that they are computed a
appear in the notation décimafractions. Indeed this is a circumstance that should be noticed with
reference to all calculations. In any of the examples already givéhe translation and in the
Notes, some of theata, or of the temporary or permanent results, might be fractional, quite as




probably as whole numbers. But the arrangements are so made, that the nature of the proce
would be the same as for wholenmoers.

In the above table and diagram we are not consideringjdgiisdf any of the B's, merely their
numerical magnitude. The engine would bring out the sign for each of them correctly of cours
but we cannot enter averyadditional detail of this kit as we might wish to do. The circles for
the signs are therefore intentionally left blank in the diagram.

2n—1

Operationcards 1, 2, 3, 4, 5, 6 prep: 3 2n+1, Thus, Card 1 multipliesvointo n, and the
threeReceivingvVariablecards belonging respectively tos,Ws, Ve, allow the result 2to be
placed on each of these latter columns (this being a case in which a triple receipt of the resul
needed for subsequent purposes); we see that the upper indices of the two Variables used, dt
Operation 1, remain urtated.

We shall not go through the details of every operation singly, since the table and diagre
sufficiently indicate them; we shall merely notice some few peculiar cases.

By Operation 6, aositivequantity is turned into aegativequantity, by simplysubtracting the
guantity from a column which has only zero upon it. (The sign at the topwfd/u | d b e c
during this process.)

Operation 7 will be unintelligible, unless it be remembered that if we were calculatimg fbr
instead of n = 4, Operatids would have completed the computation oft&elf, in which case

the engine instead of continuing its processes, would have ta pat\B1; and then either to
stop altogether, or to begin OF3IINDMetoentsr 1,
on the computation of 43 (having however taken care, previous to this recommencement, to
make the number ona\équal totwo, by the addition of unity to the formex1 on that column).

Now Operation 7 must either bring out a result equal to Zensl); or a

resultgreaterthanzerg as in the present case; and the engine follows the one or the other of the
two courses just explained, contingently on the one or the other result of Operation 7. In order
fully to perceive the necessity of tlaggerimentaloperation, it is important to keep in mind what
was pointed out, that we are not treating a perfectly isolated and independent computation, bu
one out of a series of antecedent and prospective computations.

1 25—1

Cards 8, 9, 10 produ( 2 * 2nt1 B1% in Operatbn 9 we see an example of an upper index
which again becomes a value after having passed from preceding values to zdéras V
successively beétVii, W11, V11, V11, 3V11; and, from the nature of the office which
V11 performs in the calculation, itsdex will continue to go through further changes of the same
description, which, if examined, will be found to be regular and periodic.

Card 12 has to perform the same office as Card 7 did in the preceding section; sinad,bken
=2, the 11th operan would have completed the computation ef B

Cards 13 to 20 makesASince An1 always consists ofri2l factors, A has three factors; and it
will be seen that Cards 13, 14, 15, 16 make the second of these factors, and then multiply it w
the first;and that 17, 18, 19, 20 make the third factor, and then multiply this with the product c
the two former factors.



Card 23 has the office of Cards 11 and 7 to perform, sincevére =3, the 21st and 22nd
operations would complete the computation @i our case is B the computation will continue
one more stage; and we must now direct attention to the fact, that in order to compuse A
merely necessary precisely to repeat the group of Operations 13 to 20; and then, in order
complete the compuian of By, to repeat Operations 21, 22.

It will be perceived that every unit addedtm B2n.1, entails an additional repetition of operations
(13..23) f or t h=®: Nowonhpavetalbthepemtionspoetiseligthe same however
for everysuch repetition, but they require to be respectively supplied with numbers from th
very same pairs of columnsvith only the one exception of Operation 21, which will of course need
Bs (from V23) instead of B(from V22). This identity in thesolumnswhich supply the requisite
numbers must not be confounded with identity invidieesthose columns have upon them and
give out to the mill. Most of those values undergo alterations during a performance of tf
operations (13..23), and reserd rasnew et roft Vales foih e
thenextper f or mance of (13..23) to work on.

At the termination of theepetitiono f o per at i ons ( 1l7/3thezZl8datiomsinthe o r
values on the Variables are, that

Ve = 2n-4 instead of @-2.

Vio=0............. 1.
V13= Ao+A1B1+A3B3+AsBs instead of A+A1B1+A3Bs.

In this state the only remaining processes are, first, to transfer the value whichist@ivV4;

and secondly, to reduces W7, V13 to zero, andd addoneto V3, in order that the engine may be
ready to commence computing.BDperations 24 and 25 accomplish these purposes. It may be
thought anomalous that Operation 25dpresented as leaving the upper index otill=unity;

but it must be remembered that these indices always begin anew for a separate calculation,
that Operation 25 places upon tefirst valuefor the new calculation

It should be remarked, thatme n t he g r o tegeated chahge? Gcgur im some of
the upperindices during the course of the repetition: for examiewould becoméVe and*Vs.

We thus seéhat whem=1, nine Operatiortards are used; that whes2, fourteen Operation
cardsare used; and that wher2, twentyfive Operationcards are used; but that moreare
needed, however greamay be; and not only this, but that these same twirgycards suffice

for the successive computation of all the Numbers fraro 8.1 inclusive. With respect to the
number ofvariable-cards, it will be remembered, from the explanations in previous Notes, that al
average of three such cards to egmiération(not however to each Operatioard) is the estimate.
According to this, the computah of By will require twentyseven Variableards; B forty-two

such cards; Bseventyfive; and for every succeeding B afteg, Bhere would be thirtghree
additional Variablec ar ds (since each repetition of ¢t
of operations required for computing the previous B). But we must now explain, that whenev:
there is aycle of operationsand if these merely require to be supplied with numbers frosathe
pairs of columns and likewise each operation to placerétsit on thesamecolumn for every
repetition of the whole group, the process then admitscgfla of Variablecardsfor effecting its
purposes. There is obviously much more symmetry and simplicity in the arrangements, wh
cases do admit of repeating tariable as well as the Operaticards. Our present example is



of this nature. The only exception tgearfect identityin all the processes and columns used, for
every repetition of Operations (13..23J)ors i
from a new column, and Operation 24 always puts its result on a new column. But as the
variations follow the same law at each repetition (Operation 21 always requiring its factor from
columnonein advance of that which it used the previous tiare] Operation 24 always putting

its result on the columonein advance of that which received the previous result), they are easily
provided for in arranging the recurring group (or cycle) of Variaalels.

We may here remark, that the average estinfatieree Variablecards coming into use to each
operation, is not to be taken as an absolutely and literally correct amount for all cases &
circumstances. Many special circumstances, either in the nature of a problem, or in t
arrangements of the enginader certain contingencies, influence and modify this average to ¢
greater or less extent; but it is a very safe and cagegetalrule to go upon. In the preceding case

it will give us seventfive Variablecards as the total number which will be neeeg for
computing any B after B This is very nearly the precise amount really used, but we cannot her
enter into the minutiee of the few particular circumstances which occur in this example (as inde
at some one stage or other of probably most compagtto modify slightly this number.

It will be obvious that the veryameseventyfive Variablecards may be repeated for the
computation of every succeeding Number, just on the same principle as admits of the repetit
of the thirtythree Variablecarcs of Oper ati ons (13..2ad@¢gNumbar. t h
Thus there will be aycle of a cycl®f Variablecards.

If we now apply the notation for cycles, as explainetlate E, we may express the operations
for computing the Numbers of Bernoulli in the following manrer:

(1...70, (24, 25) ... zives B =1st number; (n being = 1).
(1...7) (8...12), (24, 25) - .eoueveeeiaennsnen... Bag —ond ......;(n ..... = 2).
(1...7), (8...12), (13...23), (24, 25) ............ Bs =3rd .......; (n ..... = 3).
(1...7), (8...12), 2(13...23), (24, 25) ........... By =4th .......; (n ..... = 4).
(1...7), (8...12), £(+1)""2(13...23), (24, 25)... Ban_1 =nth ......: (n ..... =n).

limits 0 to {(n + 2)

(1...7),(24,25), B(+1)" {[1 LT (BL..12), (0 + 2)(13. .. 23), (24.25}}

litmits 1 to n

represents the total operations for computing every number in succession, ftonBB
1inclusive.

In this formula we seearying cycleof thefirst order, and an ordinary cycle of thecondorder.
The latter cycle in this case includes in it the varying cycle.

On inspecting the ten WorkiAgariables of the diagram, it will be perceived, that although
thevalueon any one of them (exceptings¥®nd Vs) goes through a series of changes,
theofficewhich each performs is in this calculatifited andinvariable. Thus \é always prepares
thenumeratorsof the factors of any A; ¥thedenominatorsVs always receives the §8)th factor

of A2r1, and Wb the (d-1)th. Vio always decides which of two courses the succeeding processe
are to follow, by feeling for the value othrough means of a subtraction; and so on; but we shall



not enumerate further. It is desirable in all calculations so to arramg@ridtesses, that
theofficesperformed by the Variables may be as uniform and fixed as possible.

Supposing that it was desired not only to tabulateBg &c., but A, A1, &cC.; we have only then

to appoint another series of Variables;,Wao, &c., for receiving these latter results as they are
successively produced uponiVOr again, we may, instead of this, or in addition to this second
series of results, wish to tabulate the value of each succesalterm of the series (8.), viz.cA
A1B1, A3B3, &c. We have then merely to multiply each B with each corresponding A, as producec
and to place these successive products on Reslulinns appointed for the purpose.

The formula (8.) is interesting in another point of view. It is one particular ca$e gfeheral
Integral of the following Equation of Mixed Differences:

d? _— :
= (z”_+1;t-"2”*2) = (2n+1)(2n + 2)2"z*"
T

for certain special suppositions respectingandn.

Thegeneralintegral itself is of the form,
2w = f(n) -+ fi(n) + fo(n) - 27" + fa(n) 27 4 -+

and it is worthy of remark, that the engine might (in a manner more or less sintfilapreceding)
calculate the value of this formula upon maserhypotheses for the functions in the integral
with as much, or (in many cases) with more ease than it can formula (8.).



